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1.1 Intr oduction

Decorvolution is a key areain signalandimageprocessing.t canincludedeblur
ring of anobsenedsignalto remove atmospherieffects. More generally it means
correctingfor instrumentakffectsor observingconditions.

Researclin imagedecowolutionhasrecentlyseenconsiderablevork, partly trig-
geredby the HST optical aberrationproblemat the beginning of its missionthat
motivatedastronomerso improve currentalgorithmsor develop new andmore ef-
fective ones.Sincethen,decomvolution of astronomicalmageshasprovenin some
casedo becrucialfor extractingscienti ¢ content.For instance|RAS imagescanbe
effectively reconstructethanksto anew pyramidalmaximumentropy algorithm([8].
lo volcanismcanbe studiedwith alower resolutionof 0.15arcsecpr 570km onlo
[58]. Decorvolvedmid-infraredimagesat 20 mm revealedtheinnermosstructureof
the AGN in NGC1068surroundinghe giantblackhole,someof which enshrouded
emissiorregionsunobserableatlowerwavelengthbecausef higherdustextinction
[3]: seeFig. 1.1. Researclon gravitationallensess easierandmoreeffective when
applyingdecowolutionmethodq26].

Decorvolution will be even morecrucial in the future in orderto fully take ad-
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2 Blind image decowolution: theoryandapplications

vantageof increasingnumbersof high-quality ground-basedelescopesfor which
imagesarestronglylimited in resolutionby the seeing.
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FIGURE 1.1

The active galaxy nucleusof NGC1068obsewned at 20 mm. Upper left: the raw
imageis highly blurr ed by telescopdliffraction (1.4arcsecesolutionona3.6m
telescope)and seeing Right: the restored image using the multiscale entropy
method revealsthe inner structure in the vicinity of the nucleus. Lower left:
the sameobject observed later on a larger telescope(VLT, 8m-classtelescope)
whose sharper resolution con rms the structur es found previously by image
decorvolution.

HST provideda leadingexampleof the needfor decorwolution, in the periodbe-
fore the detectorsystemwasrefurbished. Two proceeding$98, 43] provide useful
overviews of this work, and a later references [2]. While an atmosphericeeing
point spreadfunction (PSF)may be relatively tightly distributedaroundthe mode,
this was not the casefor the sphericallyaberratedHST PSE Wheneer the PSF
“wings” are extendedandirregular, decomwolution offers a straightforvard way to
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mitigate the effects of this andto upgradethe coreregion of a point source. One
usageof decormwolution of continuingimportanceis in informationfusion from dif-
ferentdetectors.For example,Faureet al. [33] decowvolve HST imageswhencor-
relating with ground-basedbsenations. In Radomskiet al. [75], Keck dataare
decowolved, for studywith HST data. VLT (Very Large Telescope)ataare de-
convolvedin [12], with otherESOandHST datausedaswell. In planetarywork,
Coustenistal. [27] discussCFHT dataaswell asHST andotherobsenations.

Whatemegesvery clearlyfrom this smallsample- whichis in noway atypical—
is thata majoruseof decowolutionis to helpin cross-correlatingmageandsignal
information.

An obsened signalis never in pristine condition, and improving it involvesin-
verting the spoiling conditions,i.e. nding a solutionto an inverseequation. The
problemis usuallyanill-conditionedone,which leadsto the needfor constrainton
whatis to beanacceptableolution. Constraintgelatedto the type of signalwe are
dealingwith play animportantrole in the developmentof effective andef cient al-
gorithms.Theuseof constraintgo provide for astableanduniquesolutionis termed
regularization.

Ourreview opensin sectionl.2with aformalizationof the problem. Section1.3
considerghe issueof regularization. In sectionl1.4,the CLEAN methodwhich is
centralto radio astronomyis described Bayesiarmodelingandinferencein decon-
volutionis reviewedin sectionl.5.

Sectionl.6 furtherconsidergegularization,surweying morecomplex andpower-
ful regularizationmethods Sectionl.7 introducesvavelet-basednethodsasusedin
decorwvolution. Thesemethodsarebasedon multiple resolutionor scale.ln sections
1.8and1.9,importantissuegelatedto resolutionof the outputresultimagearedis-
cussedSectionl.8is basednthefactthatit is normallynotworthwhileto targetan
outputresultwith betterresolutionthansomelimit, for instancea pixel size.Section
1.9investigatesvhen,whereandhow missinginformationcanbeinferredto provide
asuperresolutionoutputimage.

1.2 The Decorvolution Problem

Consideran imagecharacterizedy its intensity distribution (the “data”) I, corre-
spondingto the obsenation of a “real image” O throughan optical system. If the
imaging systemis linear and shift-invariant, the relation betweenthe dataandthe
imagein the samecoordinateframeis a corvolution:

Z+¥ Z+¥

1(x;y) ¥F’(x X1;Y Y1) O(Xq;y1)dx1dys

X= ¥ y=

+N(xy)
(P O)(xy) + N(xy) (1.1)
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P is the point spreadunction, PSF of theimagingsystemandN is additive noise.
In Fourierspacewe have:

f(u;v) = O(u; v)P(u;v) + N(u; V) (1.2)

We wantto determineO(x;y) knowing | andP. This inverseproblemhasled to
a large amountof work, the main dif culties beingthe existenceof: (i) a cut-off
frequeng of the point spreadfunction,and(ii) the additive noise. Seefor example
[25, 52, 6, 63].

A solutioncanbeobtainedby computingthe Fouriertransformof thedecomvolved
objectO by asimpledivision betweertheimagel andthe PSFP

N(u; V)
P(u;v)

O(u;v) = :5(([:\\//)) = O(u;v) +

(1.3)

This method,sometimescalled the Fourier-quotientmethodis very fast. We only
needto do a Fourier transformand an inverseFourier transform. For frequencies
closeto the frequeng cut-off, the noiseterm becomesmportant,andthe noiseis
ampli ed. Thereforein the presencef noise,this methodcannotbe used.
Eqn.1.1is usuallyin practiceanill-posed problem. This meansthatthereis no
uniqueandstablesolution.
Othertopicsrelatedto decorvolutionare:

Supetrresolution:objectspatialfrequeng informationoutsidethespatialband-
width of theimageformationsystemis recovered.

Blind decowolution: the PSFP is unknown.
Myopic decowolution: the PSFP is partially known.

Imagereconstructionanimageis formedfrom a seriesof projections(com-
putedtomographypositronemissiontomographyor PET, andsoon).

We will discusghe rst threepointsin this chapter

In the decorvolution problem,the PSFis assumedo be known. In practice,we
have to constructa PSFfrom the data, or from an optical model of the imaging
telescope. In astronomy the datamay containstars,or one can point towardsa
referencestarin orderto reconstruca PSFE Thedravbackis the“degradation”of this
PSFbecaus®f unaroidablenoiseor spuriousinstrumentsignaturesn the data.So,
whenreconstructinga PSFfrom experimentadata,onehasto reducevery carefully
theimagesused(backgroundemoval for instancepr otherwiseary spurioudeature
in thePSFwould berepeatedroundeachobjectin the decovolvedimage.Another
problemariseswhenthe PSFis highly variablewith time, asis the casefor adaptve
opticsimages.ThismeansisuallythatthePSFestimatedvhenobservingareference
star afteror beforetheobsenationof thescienti ¢ target,hassmalldifferencegrom
theperfectone.In this particularcase pnehasto turntowardsmyopicdecowolution
methodg20] in whichthe PSFis alsoestimatedn theiterative algorithmusinga rst
guesgleducedrom obsenationsof referencestars.
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Anotherapproachconsistsof constructinga syntheticPSFE Several studies[10,
59, 31, 64] have suggeste@ radially symmetricapproximatiorto the PSF:
2 P
Pryp 1+ = (1.4)

Theparameter$ andR areobtainedby tting themodelwith starscontainedn the
data.

1.3 Linear RegularizedMethods
1.3.1 LeastSquaresSolution

It is easyto verify thattheminimizationof k I(x;y) P(x;y) O(x;y) k? leadsto the
solution:

P (uv)I(u;v)

= B 1

(1.5)
whichis de ned only if P(u;V) is differentfrom zero.HereP is thecomplex conju-

gateof P. Theproblemis generallyill-posedandwe needto introduceregularization
in orderto nd aunigueandstablesolution.

1.3.2 Tikhonov Regularization

Tikhonov regularization[94] consistof minimizing theterm:
F(0O)=kl(xy) (P O)(xy)k®+I kH Ok? (1.6)

whereH correspondso a high-passlter , andk : k? is normsquaredThis criterion
containgwo terms.The rst, kI(x;y) (P 0)(x;y) k?, expressesdelity tothedata
I(x;y), andthesecond/ kH O k2, expressesmoothnessf the restoredmage.
| is theregularizationparameteandrepresentshe trade-of betweendelity to the
dataandthe smoothnessf therestoredmage.

Thesolutionis obtaineddirectly in Fourierspace:

P (u;v)i(u;v)

UV = B2+ AU 2

(1.7)

Finding the optimal value | necessitatesise of numericaltechniquessuchas
cross-alidation[40, 38]. This methodworks well, but computationallyit is rela-
tively lengthyandproducesmoothedmages.This secondpoint canbeareal prob-
lem whenwe seekcompactstructuressuchasis the casein astronomicalmaging.
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This methodcanbe generalizeguchthat

O(u:v) = W(u:v) Ils((l:\\//)) (1.8)

W beinga window function satisfyingsomeconditions[6]. Thesewindow function
canbefor instanceheusualGaussianBlackmannHammingor Hanningfunctions.
Thewindow functioncanalsobe deriveddirectly from the PSF[72].

Linear regularizedmethodshave the advantageof beingvery attractve from a
computationpoint of view. Furthermorethe noisein the solution can easily be
derived from the noisein the dataand the window function. For example,if the
noisein the datais Gaussiarwith a standarddeviation sy, the noisein the solution
is s2 = s7&W?. Butthis noiseestimationdoesnot take into accounterrorsrelative
to inaccuratknowledgeof the PSFE which limits its interestin practice.

Linearregularizedmethodgresentlsoa numberof severedravbacks:

Creationof Gibbsoscillationsin the neighborhooaf the discontinuitiescon-
tainedin thedata.Thevisualquality is thereforedegraded.

No apriori informationcanbe used.For example,negative valuescanexist in
thesolution,while in mostcasesve know thatthe solutionmustbe positive.

Sincethe window function is a low-pass lter, the resolutionis degraded.
Thereis trade-of betweenthe resolutionwe want to achieze and the noise
level in the solution. Other methodssuchaswavelet-basednethodsdo not
have sucha constraint.

1.4 CLEAN

The CLEAN method[45] is a mainstreanonein radio astronomy This approach
assumeghe objectis only composedf point sources. It tries to decomposehe
image(calledthe dirty map)into a setof d-functions. This is doneiteratively by
nding the pointwith the largestabsolutebrightnessandsubtractinghe PSF(dirty
beam)scaledwith the productof the loop gainandthe intensityat that point. The
resultingresidualmapis thenusedto repeatthe process. The processs stopped
whensomeprespeci edlimit is reachedThe convolution of the d-functionswith an
idealPSF(cleanbeam)plustheresidualequalgherestoredmage(cleanmap). This
solutionis only possiblef theimagedoesnot containlarge-scalestructures.

In thework of [16] and[51], therestoratiorof anobjectcomposeaf peakscalled
spaisespike trains hasbeentreatedn arigorousway.
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1.5 BayesianMethodology

A Bayesiarformulationmaywell bejustanothemway of describingheclassicamin-
imization problemwith constraintsasseenin sectionl.3. Howeverit is important
for the following reasonsit incorporateproceduregor the estimationof parame-
ters;andprior informationon thevaluesof suchparametersanalsobeincorporated
easily

1.5.1 De nition

The Bayesianapproachconsistsof constructingthe conditionalprobability density
relationship:

p(l j O)p(0)
p(l)

TheBayessolutionis foundby maximizingtheright partof theequation Now since
we aremaximizingp(Oj 1), theimagel is alwaysthe samefor the maximization,
andso p(l) is constanthere. The maximumlikelihood solution (ML) maximizes
only thedensityp(l j O) overO:

p(Ojl) = (1.9)

ML(0) = maxp(1 j O) (1.10)

The maximum a posteriorisolution (MAP) maximizesover O the product p(l j
0O) p(O) of theML anda prior:

MAP(O) = mé':\xp(l 1 O)p(O) (1.11)

p(l) is consideredas a constantvalue which hasno effect in the maximization
processandisignored.TheML solutionis equivalentto the MAP solutionassuming
auniform probability densityfor p(O).

1.5.2 Maximum Lik elihood with GaussianNoise
Theprobability p(l j O) is

(I P 0)?
2s?

. 1
p(1jO) = p——exp (1.12)
2ps)

wheres,2 isimagevarianceand,assuminghat p(O) is aconstantmaximizingp(O ]
I) is equivalentto minimizing

I P Ok?

J(0) = K 27 (1.13)
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wherethedenominatois unimportanfor theoptimumvalueof J. Usingthesteepest
descentminimizationmethod atypical iterationis

o"l=0"+gp (1 P O (1.14)

whereP (x;y) = P( x; y). P isthetransposef the PSF and Q" is the current
estimateof the desired‘real image”. This methodis usuallycalledthe Landweber
method[53], but sometimesalsothe successivapproximationsor Jacobimethod
[6].

Thesolutioncanalsobefounddirectly usingthe FFT by

P (u;v)i(u;v)

OV = 5wV

(1.15)

which amountgo the sameasequationl.3. Sucha straightforvardapproachunfor-
tunatelyampli es noise.

1.5.3 GaussianBayesModel

If the objectandthe noiseareassumedo follow Gaussiardistributionswith zero
meanandvariancerespectrely equalto sé ands,?,, thena Bayessolutionleadsto
theWiener lter:

P (uv)i(u;v)

S B 2 L SEUY)
JP(Uv) j<+ s3(uv)

O(u;v) =

(1.16)

Wiener ltering hasseriousdravbacks(artifactcreationsuchasringing effects),and
needsspectrahoiseestimation lts advantagds thatit is veryfast.

1.5.4 Maximum Lik elihood with PoissonNoise
Theprobability p(l j O) is

~ (P O)(xy)' P expf (P O)(xYy)g

p(1j0)= O _ (1.17)
Xy 1(xy)!
The maximumcanbe computeddy takingthe derivative of thelogarithm:
Tinp(l j O)(x;y)
10(x;y) (1.18)
which leadsto theresult(assuminghe PSFis normalizedo unity)
1 P (xy)=1 (1.19)

P O
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Multiplying bothsidesby O(x;y)

)= g P x¥O0kY) (1.20)
andusingPicarditeration[47] leadsto
N+1ryo ) — l . Nney.
o™ (xy) = ® oy P (xy)O'(xy) (1.21)

which is the Richardson-Lug algorithm [76, 55, 80|, also sometimescalledthe

expectationmaximizationor EM method[29]. This methodis commonlyusedin

astronomy Flux is presered andthe solutionis alwayspositive. The positivity of

thesolutioncanbeobtainedoo with VanCittert'sandtheone-stegradientmethods
by thresholdinghegative valuesin O" ateachiteration.

1.5.5 Maximum A Posteriori with PoissonNoise
We formulatethe objectPDF (probability densityfunction) as

= M(x;y)%UY expf  M(xy)g

p(0) = (X)y oxy)! (1.22)
The MAP solutionis
) = Mo () :
O(xy) = M(x;y) exp m P (xy) (1.23)
andchoosingM = O" andusingPicarditerationleadsto
N1y — Oy I(X;Y) .
O H(xy) = O"(xy) exp m 1 P(xy (1.24)

1.5.6 Maximum Entropy Method

In the absencef ary informationon the solutionO exceptits positiity, a possible
courseof actionis to derive the probability of O from its entropy, whichis de ned

from informationtheory Thenif we know theentropy H of the solution,we derive

its probabilityas

p(O) = exp( aH(Q)) (1.25)
Themostcommonlyusedentrofy functionsare:
Burg [11]: Hy(O) = &xayIn(O(x;y))
Frieden[37]: H{(O) =  &,&a,0(xy) In(O(xy))
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Gull andSkilling [42]:

Hg(0)= A A O(xY) M(xy) O(xYy)In(O(xy)=M(x;y))
Xy

Thelastde nition of theentropy hastheadvantageof having azeromaximumwhen
O equalsthemodelM, usuallytakenasa at image.

1.5.7 Other Regularization Models

Molina etal. [63] presentanexcellentreview of takingthe spatialcontext of image
restorationinto account.Someappropriateprior is usedfor this. Onesuchregular
izationconstrainis:

kCIk? = é_ é_ 1(x;y) %(I(x;y+ D+I(xy D+I(x+Ly)+I1(x 1;y) (1.26)
Xy

whichis equialentto de ning the prior
n 0
p(O) 1 exp %ku K2 (1.27)

a is theinverseof the prior varianceandit controlsthe smoothnes®f the nal
solution.

Giventheform of equation(1.26),suchregularizationcanbe viewed assettinga
constrainion the Laplacianof therestorationIn statisticsthis modelis a simultane-
ousautorgressie model,SAR[77].

Alternative prior modelscan be de ned, relatedto the SAR model of equation
(1.26):

( )

p(O) {1 exp A aumxy) 10cy+ )%+ I(xy) I(x+1Ly)?  (1.28)
Xy

N

whereconstraintareseton rst derivatives. Thisis a conditionalautorgressie, or
CAR, model,discussedurtherbelow.
Blanc-FeraugndBarlaud[7], andCharbonnieetal. [17] considerthe following

prior: ( )
PO pexp adafkNik(xy) (1.29)
Xy

( )

pep adaflxy) 106y+ )+ F(xy) 10x+Ly)®  (1.30)
Xy
Thefunctionf, calledpotentialfunction is anedgepreservingunction.
Generallyf functionsarechoserwith aquadratigartwhichensuregoodsmooth-

ing of smallgradientd41], anda linear behaior which cancelshe penalizatiorof
large gradientq9]:
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0
1. limy ontﬁ = M < + ¥ to smoothfaintgradients.

0
2. limy ¥ % = 0 to presere stronggradients.

0

3. fﬁﬁ is continuousandstrictly decreasing.
SuchfunctionsareoftencalledL,-L; functions.Examplesof f functions:
fq(X) = x%: quadratidunction.
frv(X) =] xj: Total Variation.
fo(x) = 2p 1+ x2  2: HyperSurface[18].
fa(X) = x>=(1+ x?) [39].
fa)=1 e *¥[71].
f5(x) = log(1+ x?) [44].

I S o

The ARTUR method[17], which hasbeenusedfor helioseismidnversion[24],
usesthefunctionf (t) = log(1+ t?). Anisotropicdiffusion[71, 4] usessimilarfunc-
tions, but in this casethe solutionis computedusingpartial differential equations

Thefunctionf (t) = t leadsto the total variation method[78, 1], the constraints
areon rst derivatives,andthe modelis a specialcaseof a conditionalautorgres-
sive or CAR model. Molina et al. [63] discusgthe applicability of CAR modelsto
imagerestorationinvolving galaxies. They arguethat suchmodelsare particularly
appropriatdor the modelingof luminosity exponentialandr = laws.

Thepriorsreviewedabove canbeextendedo morecomplex models.In Molina et
al. [61, 62], acompoundGausaMarkov random eld (CGMRF)modelis used,one
of themainpropertiesof whichis to targetthe preserationandimprovementof line
processes.

Anotherprior againwasusedin Molina andCortijo [60] for the caseof planetary
images.

1.6 Iterati ve Regularized Methods
1.6.1 Constraints

We assumenow thatthereexistsa generaloperatorP ¢ (:), which enforcesa setof
constraintson a givenobjectO, suchthatif O satis esall the constraintsye have:
O = P ¢(0). Commonlyusedconstraintsare positiity, spatialsupportconstraint,
band-limitationin Fourierspace Theseconstraintcanbeincorporateckasilyin the
basiciterative scheme.
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1.6.2 Jansson-\an Cittert Method

VanCittert[21] restoratioris relatively easyto write. We startwith n= 0 andO(©) =
| andwe iterate:

o™l=0"+a(l P O" (1.31)

wherea is a corvergenceparametegenerallytakenas1. Whenn tendsto in nity ,
wehaveO= O+1 P O,sol =P O. In Fourierspacethe convolution product
becomes product

oO™l=0"+a(l POM (1.32)

In this equation,the objectdistribution is modi ed by addinga term proportional
to theresidual. The algorithm corvergesquickly, often afteronly 5 or 6 iterations.
But thealgorithmgenerallydivergesin the presencef noise.Janssof49] modi ed

this techniquen orderto give it morerobustnes$y consideringconstrainton the
solution.If wewishthatA Oy B, theiterationbecomes

O™ (xy) = O"(xy) + r(xy) [l (P OMI(xY) (1.33)

with:
rxy)=C 1 2B A) 1joxy) 2 Y(A+B)j

andwith C constant.
More generallythe constrained/an-Cittertmethodis written as:

O™l=pc[O"+a(l P O (1.34)

1.6.3 Other Iterati ve Methods

Otheriterative methodscanbe constrainedn the sameway:
Landweber:

O™l=pc[O"+gP (I P OM] (1.35)
Richardson-Lug method:

O™ (xy) = Pc O"(xY) P (xy) (1.36)

|
(P O

Tikhonov: the Tikhonov solutioncanbeobtainedteratively by computingthe
gradientof equation(1.6):

N(JF©O)=[P P+nH H] O P | (1.37)
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andapplyingthefollowing iteration:

0™ (xy) = O"(xy) gN(Ir(0))(xy) (1.38)
Theconstrainediikhonov solutionis thereforeobtainedby:
O™ (xy) = P c[0"(xy)  gN(Ir(O)(xy)] (1.39)

The numberof iterationsplaysan importantrole in theseiterative methods. In-
deed,the numberof iterationscanbe discussedn relationto regularization.When
the numberof iterationsincreasesthe iterates rst approachthe unknovn object,
andthenpotentiallygo awvay from it [6]. LandwebemndRichardson-Lug methods
convergeto uselessolutionsdueto noiseampli cation. The main problemis that
thespaceof solutionsof thesemethodss almostin nite. Regularizedmethoddorce
thesolutionobtainedat corvergenceo beconstrainedo imageshaving thedesirable
propertiesof the original (unknavn) image,i.e. beingnon-noisy

1.7 Wavelet-BasedDecorvolution
1.7.1 Intr oduction
Decorvolution and Fourier domain.

The Fourierdomaindiagonalizeghe corvolution operatoy andwe canidentify and
reducethe noisewhich is ampli ed duringthe inversion. Whenthe signalcanbe
modeledasstationaryandGaussiantheWiener lter is optimal. Butwhenthesignal
presentsspatially localized featuressuch as singularitiesor edges,thesefeatures
cannotbewell-representedith Fourierbasisfunctions which extendovertheentire
spatialdomain.Otherbasisfunctions,suchaswavelets,arebettersuitedto represent
alargeclassof signals.

Towards multir esolution.

The conceptof multiresolutionwas rst introducedfor decorvolution by Wakker
and Schwarz [96] whenthey proposedhe Multiresolution CLEAN algorithm for
interferometriamagedecorvolution. During thelasttenyears,mary developments
have taken placein orderto improve the existing methods(CLEAN, Landwebey
Lucy, MEM, andso on), andtheseresultshave led to the useof differentlevels of
resolution.

TheLucy algorithmwasmodi ed [56] in orderto take into accounta priori infor-
mationaboutstarsin the eld whereboth positionandbrightnessareknown. This
is doneby usinga two-channekestorationalgorithm,one channelrepresentinghe
contribution relative to the stars,andthe secondo the background.A smoothness
constrainis addedon the backgroundchannel. This methodwasthenre ned rstly
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(andcalledCPLUCY) for consideringsubpixel positiong46], andasecondime[73]
(andcalledGIRA) for modifying the smoothnessonstraint.

A similar approacthasbeenfollowed by Magain[57], but morein the spirit of
the CLEAN algorithm. Again, the dataaremodeledasa setof point sourceson top
of spatiallyvaryingbackgroundleadingto atwo-channehlgorithm.

The MEM methodhasalsobeenmodi ed by severalauthors[97, 8, 70, 69, 90].
First, Weir proposedhe Multi-channelMEM method,in which an objectis mod-
eledasthe sumof objectsat differentlevels of resolution. The methodwasthen
improved by Bonteloe et al. [8] with the Pyramid MEM. In particular mary reg-
ularizationparametersvere x ed by the introductionof the dyadic pyramid. The
link betweenPyramid MEM and waveletswas underlinedin [70, 90], andit was
shawn thatall the regularizationparameterganbe derived from the noisemodel-
ing. Waveletswerealsousedin [69] in orderto createa segmentatiorof theimage,
eachregionbeingthenrestoredwith adifferentsmoothnessonstraintdependingn
the resolutionlevel wherethe region wasfound. This lastmethodhashowever the
drawbackof requiringuserinteractionfor deriving the segmentatiorthresholdn the
waveletspace.

ThePixonmethod[30, 74] is relatively differentto thepreviously describedneth-
ods. Thistime, anobjectis modeledasthe sumof pseudo-imagesmoothedocally
by a function with position-dependergcale,calledthe pixon shapefunction. The
setof pseudo-imagede nesadictionary andtheimageis supposedo containonly
featuresincludedin this dictionary But the main problemliesin the factthatfea-
tureswhich cannotbe detectedlirectly in the data,nor in the dataaftera few Lucy
iterationswill notbemodeledwith the pixonfunctions,andwill bestronglyregular
izedasbackgroundTheresultis thatthe faintestobjectsareover-regularizedwhile
strongobjectsarewell restored This s striking in theexampleshown in Fig. 1.2.

Thetotal variation methodhasa closerelationwith the Haartransform[22, 92],
andmoregenerallyit hasbeenshavn thatpotentialfunctions,usedin Markov Ran-
domFieldandPDEmethodscanbeappliedonthewaveletcoefcients aswell. This
leadsto multiscaleregularization,andthe original methodbecomes speci ¢ case
whereonly onedecompositiortevel is usedin thewavelettransform.

Waveletsoffer amathematicaframework for the multiresolutionprocessingFur-
thermore they furnishanidealway to includenoisemodelingin the decowolution
methods. Sincethe noiseis the main problemin decowolution, waveletsarevery
well adaptedo theregularizationtask.

1.7.2 Regularization from the Multir esolutionSupport
1.7.2.1 Noisesuppressionbasedon the wavelettransform

We have notedhow, in usinganiterative decotvolutionalgorithmsuchasVanCittert
or Richardson-Lug, we de ne R (x;y), theresidualatiterationn:

RU(xy) = 1(xy) (P O")(xy) (1.40)
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By usingtheatrouswavelettransformalgorithm,R" canbede ned asthe sumof
its J waveletscalesandthelastsmootharray:

J
RU(%Y) = c(Xy) + & Wixy (1.41)
j=1

wherethe rst termon theright is thelastsmoothedarray andw denotesa wavelet
scale.

Thewaveletcoefcients provideamechanisnto extractonly thesigni cant struc-
turesfrom theresidualsat eachiteration. Normally, a large partof theseresidualds
statisticallynon-signi cant. Thesigni cant residual[67, 89] is then:

J
@(X;Y) = Coxyt a M(J; % Y)Wjxy (1.42)
=1

whereM(j;x;y) is themultiresolutionsupport,andis de ned by:

1 if wjxy is signi cant

0 if wj:xy is non-signi cant (1.43)

M(j;x;y) =
Thisdescribesn alogical or Booleanway if the datacontainanformationatagiven
scalej andatagivenposition(x;y).

An alternative approactwasoutlinedin [68] and[83]: the supportwasinitialized
to zero,andbuilt up at eachiterationof the restorationalgorithm. Thusin equation
(1.42)above, M(j;X;y) wasadditionallyindexedby n, theiterationnumber In this
casethe supportwasspeci edin termsof signi cant pixelsat eachscale,j; andin
addition pixels could becomesigni cant asthe iterationsproceededbut could not
be madenon-signi cant.

1.7.2.2 Regularization of Van Cittert' salgorithm

VanCittert'siteration[21] is:
o™ xy) = O"(xy) + aR'(xy) (1.44)

with R(x;y) = I"(x;y) (P O")(x;y). Regularizationusingsigni cant structures
leadsto:

O™ (x;y) = O"(x;y) + al(x;y) (1.45)

The basicidea of this regularizationmethodconsistsof detecting,at eachscale,
structuresof a given sizein the residualR"(x;y) and putting themin the restored
imageQ"(x;y). The processnishes whenno more structuresaredetected.Then,
we have separatedhe imagel(x;y) into two imagesé(x; y) andR(x;y). O is the
restoredmage ,which oughtnotto containany noise,andR(x;y) is the nal residual
which oughtnotto containary structure Ris our estimateof thenoiseN(x;y).
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1.7.2.3 Regularization of the one-stepgradient method

Theone-stemradientiterationis:
O™ Hxy) = O"(xy)+ (P RY)(xy) (1.46)

with R'(x;y) = 1(x;y) (P O")(x;y). Regularizationby signi cant structuredeads
to:
O™ (xy) = O"(xy)+ (P K (xy) (1.47)

1.7.2.4 Regularization of the Richardson-Lucy algorithm

From equation(1.1), we have I"(x;y) = (P O")(x;y). ThenR(xy) = 1(xy)
1"(x;y), andhencel (x;y) = 1"(x;y) + R (x;Y).
TheRichardson-Lug equationis:

n n
o™ Y(xy) = O'(xy) | TnR P (xy)
andregularizationleadsto:
n
O™ (xy) = O"(xy) - Tnp& P (xy)

1.7.2.5 Convergence

The standardleviation of the residualdecreaseantil no moresigni cant structures
arefound. Corvergencecanbe estimatedrom the residual. The algorithm stops
whenauserspeci edthresholds reached:

(S 1 Sr)=(sr) < e (1.48)

1.7.2.6 Examples

A simulatedHubble SpaceTelescopeNide Field Cameramageof a distantcluster
of galaxiesis shawvn in Fig. 1.2, upperleft. Theimageusedwasoneof a number
describedn [15, 36]. The simulateddataareshawn in Fig. 1.2, upperright. Four
decowolution methodswere tested: Richardson-Lug, Pixon, wavelet-vaguelette,
Wavelet-Lugy. Decorvolved imagesare presentedespectiely in Fig. 1.2 middle
left, middleright, bottomleft andright. The Richardson-Lug methodampli es the
noise,which implies that the faintestobjectsdisappeaiin the decowolved image.
The Pixon methodintroducesregularization,andthe noiseis undercontrol, while
objectswhere“pixons” have beendetectedare relatively well-protectedfrom the
regularizationeffect. Sincethe “pixon” featuresare detectedrom noisy partially
decorvolved data, the faintestobjectsare not in the pixon map and are strongly
regularized. Thewavelet-vaguelettenethodis very fastandproduceselatively high
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quality resultswhencomparedo Pixon or Richardson-Lug, but the Wavelet-Lugy
methodseemglearlythe bestof thefour methods Therearefewer spuriousobjects
thanin the wavelet-vaguelettamethodi,it is stablefor ary kind of PSFE andary kind
of noisemodelingcanbe considered.

1.7.3 Multir esolutionCLEAN

TheCLEAN solutionis only availableif theimagedoesnotcontainlarge-scalestruc-
tures.[96] introducedthe conceptof MultiresolutionClean(MRC) in orderto alle-
viatethedif culties occurringin CLEAN for extendedsourcesThe MRC approach
consistsof building two intermediatémages the rst one(calledthe smoothmap)
by smoothinghedatato alowerresolutionwith aGaussiariunction,andthesecond
one(calledthedifferencemap)by subtractinghe smoothedmagefrom the original
data.Both theseémagesarethenprocessedeparatelyBy usinga standardCLEAN
algorithmon them,the smoothedcleanmapanddifferencecleanmapareobtained.
Therecombinatiorof thesetwo mapsgivesthe cleanmapatthefull resolution.This
algorithmmay be viewed asan arti cial recipe,but it hasbeenshavn [82, 81, 8§
thatit is linkedto multiresolutionanalysis Waveletanalysideadsto ageneralization
of MRC from asetof scales The WaveletCleanMethod(WCLEAN) consistof the
following steps:

Apply thewavelettransformto theimage:we getW, .
Apply thewavelettransformto the PSF:we getWe.
Apply thewavelettransformto the CleanBeam:we get\We .

For eachscalej of the wavelettransform,applythe CLEAN algorithmusing
thewaveletscalej of bothW andWe.

Apply aniterative reconstructioralgorithmusing\We.

More detailscanbefoundin [82, 88].

1.7.4 The Wavelet Constraint

We have seerpreviouslythatmary regularizeddecowolutionmethod§MEM, Tikhonov,
total variation,etc.) canbe expressedy two terms(i.e.k| P Ok?+/ C(0)), the
rst representinghe delity to the dataandthe second(i.e. C(O)) the smoothness
constrainonthe solution. The parametef x esthetrade-of betweerthe t to the
dataandthe smoothness.Using a wavelet basedpenalizingterm C,,, we want to
minimize

JO) = kI P OK?+1 Cy(O) (1.49)

If f isapotentialfunctionwhich wasappliedon the gradientgseesectionl.5.7),it
canalsobe appliedto the wavelet coefcients andthe constrainton the solutionis
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now expressedn thewaveletdomainby [48]:

JO)=kI P OkZ+| é_ f(K(WO)jx Kp) (1.50)
ikl

Whenf (x) = xandp = 1, it correspondso thel; normof the waveletcoefcients.
In this framework, the multiscaleentrogy decomwolution method(seebelow) is only
onespecialcaseof thewaveletconstraintdecowolution method.

1.7.4.1 Multiscale Entropy

In [89, 86, 90], thebenchmarlpropertiesfor agood“physical” de nition of entrogy
werediscussed.The multiscaleentrogy, which ful Is theseproperties,consistsof
consideringhattheentrogy of asignalis the sumof theinformationateachscaleof
its wavelettransform[89], andthe informationof a waveletcoefcient is relatedto
the probability of it beingdueto noise.

For Gaussiamoise the multiscaleentrofy penalizatiorfunctionis:
|
Z . .
1 = Iwjd Wj- u
awip) = —  uerfc gkl B gy (1.51)
sf o 2s
where erfc is the complementaryerror function. A completedescriptionof this
methodis givenin [87]. Fig. 1.3 shaws the multiscaleentropy penalizationfunc-

tion. Thedashedine correspondso a l; penalization(i.e. f (w) =j wj), the dotted

line to al, penalizationf (w) = % andthe continuousline to the multiscaleen-

tropy function. We canimmediatelyseethatthemultiscaleentropy functionpresents
guadratichehavior for smallvalues,andis closerto thel; penalizatiorfunctionfor
largevalues.Penalizatiorfunctionswith al,-1; behaior aregenerallyagoodchoice
for imagerestoration.

TheBetaPictorisimage[70] wasobtainedoy integrating5 hourson-sourceusing
a mid-infraredcamera,TIMMI, placedon the 3.6 ESOtelescopgLa Silla, Chile).
The raw imagehasa peaksignal-to-noiseatio of 80. It is strongly blurred by a
combinationof seeingdiffraction (0.7 arcsemn a 3m classtelescopepndadditive
Gaussiamoise. Theinitial disk shapein the original imagehasbeenlost afterthe
convolutionwith the PSF(seeFig. 1.3). Thuswe needto decowolve suchanimage
to getthe bestinformationon this objecti.e. the exact pro le andthicknessof the
disk, andsubsequentlyo comparetheresultsto modelsof thermaldustemission.

After Itering (seeFig. 1.3, lower left), the disk appearsclearly. For detection
of faint structureqthe disk here),one can calculatethat the applicationof sucha
Itering methodto thisimageprovidesagainof observingime of afactorof around
60. The decomwolvedimage(Fig. 1.3, lower right) shows thatthe disk is relatively
at at10 nm andasymmetrical.

1.7.4.2 TV and UndecimatedHaar Transform

A link betweerthe TV andtheundecimatedHaarwaveletsoftthresholdinchasbeen
studiedin [22, 92], aguingthatin the 1D casethe TV andthe undecimatedingle
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resolutionHaarare equialent. Whengoingto 2D, this relationdoesnot hold ary-
more, but the two approachesharesomesimilarities. Whereaghe TV introduces
translation-androtation-irvariance the undecimated®D Haar presentdranslation-
andscale-ivariance(beingmulti-scale).

1.7.4.3 Minimization algorithm

Recentworks [34, 28, 23] show thatthe solutionof eqn.1.50 canbe obtainedin a
very ef cient way, by applyinga waveletdenoisingon the solutionat eachstepof
the Landwebeiiteration.

o = WDen, oM+ p I P oM (1.52)

where WDen is the operatorwhich performswavelet denoising,i.e. appliesthe
wavelettransform,correctsthe wavelet coefcients from the noise,andappliesthe
inversewavelettransform.

If f(X) = xandp= 1 (i.e. |1 norm), the solutionis obtainedby the following
iteration:

oD = sofy, (OM+P (1 P OM)) (1.53)

wheresoft is the soft thresholding. (A hardthresholdretainswavelet coefcients
whoseabsolutevalueis above the thresholdwhereas soft thresholdattenuateshe
wavelet coefcient, usingthe absolutevalue minusthe thresholdsolong asthis is
> 0.) If the Haarwavelettransformis chosen this algorithmis a fastmethodfor
minimizing thetotal variation.

Thepenaltyfunctionneedgo becontinuousn orderto guarante¢hecorvergence.
Thereforeahardthresholdcannotbe usedbut a softthresholdaswell asmary other
shrinkagdechnigueganbeused.If thepenaltyfunctionis strictly corvex (asin soft
thresholding)thenit corvergesto a globalminimum[34].

1.7.4.4 Constraintsin the object or imagedomains

Let usde ne the objectdomainO asthe spaceto which the solutionbelongs,and
the image domainl asthe spaceto which the databelongs(i.e. if X 2 O then
P X 21 ). Insectionl.7.2,it wasshown that the multiresolutionsupportcon-
straintleadsto a powerful regularizationmethod. In this case,the constraintwas
appliedin theimagedomain.Here,we have consideredonstraintson the solution.
Hence,two differentwavelet basedstratgjiescanbe chosenin orderto regularize
thedecormolution problem.

The constraintin the imagedomainthroughthe multiresolutionsupportleadsa
very robustway to control the noise. Indeed,whatever the natureof the noise,we
canalwaysderive robustdetectionlevelsin the wavelet spaceanddeterminescales
andpositionsof theimportantcoefcients. A drawbackof the imageconstraintss
thatthereis no guaranteghatthe solutionis free of artifactssuchasringing around
point sources.A seconddravbackis thatimageconstraintsanbe usedonly if the
point spreadunctionis relatively compactj.e. doesnot smeartheinformationover
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thewholeimage.If it doesdo so,theconcepbf localizationof informationdoesnot
malke senseary more.

The propertyof introducinga robust noise modelingis lost when applying the
constraintin the objectdomain. For example,in the caseof Poissomoise,thereis
noway (exceptusingtime consumingVionte Carlotechniquesjo estimatethe level
of the noisein the solutionandto adjustproperlythe thresholds.The secondprob-
lem with this approacthis thatwe try to solve two problems(noiseampli cation and
artifactcontrolin thesolution)with oneparamete(i.e./ ). Thechoiceof this param-
eteris crucial,while sucha parametedoesnot exist whenusingthe multiresolution
support.

Constraintcanbe addedin boththe objectandimagedomainsin orderto better
control the noiseby using the multiresolutionsupport. This givesus a guarantee
thatthe solutionis free of artifactswhenusingthewaveletconstrainton thesolution
[70, 90, 91]. Thisleadsto thefollowing equationto be minimized:

JO) = kMW (I P O)K*+1 § f(k (W20) 1 Kp) (1.54)
jikil

whereM is the multiresolutionsupportderived from | andW;. Wy andW, arethe
wavelet transformsusedin the object and image domains. We may want to use
two differentwavelet decompositionsW, for detectingthe signi cant coefcients
andW, for removing the artifactsin the solution. Sincethe noiseis controlledby
the multiscaletransforms,the regularizationparameterr doesnot have the same
importanceasin standarddecomwolution methods A muchlower valueis enoughto
remove the artifactsrelative to the useof the wavelets. The positivity constraintcan
beappliedat eachiteration. Theiterative schemas now:

o™ = wpen, ( O+ p & (1.55)
whereR is thesigni cantresidualj.e. & = W, IM[Wi(I P OM)] (seeeqn.1.42)).

1.7.4.5 The Combined Decorvolution Method

Onemay wantto bene t from the advantage®f both the waveletandthe curvelet
transformsfor detectingthe signi cant featurescontainedn the data. More gener

minationof a setof multiresolutionsupportswe cansolve the following optimiza-
tion problem[91]:

minC(O); subjecto MT [P O]= McTil for all k; (1.56)
(@]

whereC is thesmoothnessonstraint.

The constraintimposes delity on the data,or more exactly, on the signi cant
coefcients of the data,obtainedby the differenttransforms. Non-signi cant (i.e.
noisy) coefcients arenot takeninto accountpreventingany noiseampli cation in
the nal algorithm.
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A solutionfor this problemcouldbeobtainedby relaxingthe constrainto become
anapproximateone:

min & kMTil  MT[P Olko+ | C(O) (1.57)
o k

Thesolutionis computedby usingthe projected_andwebemethod[6]:
O"l=0"+a P H | Z—g(éf‘) (1.58)

whereR is the signi cant residualwhichis obtainedusingthe following algorithm:
Setlf=1"=P O
Fork= 1;::5;Kdold = I} 1+ R M(Tl Tyl 4)
Thesigni cant residual® is obtainedby: = R 1"
This canbe interpretedasa generalizatiorof the multiresolutionsupportconstraint
to thecasewhereseveraltransformsareused.The orderin which thetransformsare
appliedhasno effect on the solution. We extractin the residualthe informationat
scalesandpixel indiceswheresigni cant coefcients have beendetected.
a is acorvergenceparameterchosereitherby aline-searchminimizingtheover

all penaltyfunctionor asa x edstep-sizeof moderatevaluethatguaranteesorver-

gence.
If theC is awaveletbasedpenalizatiorfunction,thenthe minimizationcanagain
bedoneusingthe previouswaveletdenoisingapproach:

O™1= wpen O"+ (P HY (1.59)
Thepositiity is introducedn thefollowing way:

o"l=p . wDen 6"+ (P ) (1.60)

1.8 Decorvolution and Resolution

In mary casesthereis no sensdn trying to decomvolve animageat the resolution
of the pixel (especiallywhenthe PSFis very large). Theideato limit theresolution
is relatively old, becauset is alreadythis conceptwhich is usedin the CLEAN
algorithm[45]. Indeedthe cleanbeam x estheresolutionin the nal solution. This
principle wasalsodevelopedby Lannes[54] in adifferentform. This conceptwas
re-invented, rst by Gull and Skilling [42] who calledthe cleanbeamthe Intrinsic
Correlation Function(ICF), andmorerecentlyby Magain[57] andPijpers[72].
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ThelCF is usuallya Gaussianbut in somecasest may be usefulto take another
function. For example,if we wantto comparetwo imagesl, andl, which areob-
tainedwith two wavelengthsor with two differentinstrumentstheir PSFsP; andP,
will certainlybe different. The classicapproachwould be to decowolve 11 with P,
andl, with P, sowe aresurethatbothareat the sameresolution.But unfortunately
we lose someresolutionin doing this. Decorvolving both imagesis generallynot
possiblebecausave cannever be surethat both solutionsO; and O, will have the
sameresolution.

A solutionwould beto decowolve only theimagewhich hasthe worseresolution
(sayly), andto limit the decomwolution to the secondmageresolution(l;). Then,
we just have to take P, for the ICF. The decovolution problemis to nd O (hidden
solution)suchthat:

h=P P, O (1.61)

and our real solution O; at the sameresolutionas|; is obtainedby corvolving o}
with P,. O; andl, canthenbe compared.

IntroducinganICF G in thedecorvolutionequatioreadsto justconsideringanew
PSFP°whichis the corvolution of P andG. The decowolutionis carriedout using
PC andthe solutionmustberecorvolvedwith G attheend.n this way, the solution
hasa constrainedesolution but aliasingmayoccurduringtheiterative processand
it is notsurethattheartifactswill disappeaafterthere-corvolutionwith G. Magain
[57] proposedninnovativealternatveto thisproblem by assuminghatthe PSFcan
be consideredasthe corvolution productof two terms,the ICF G andan unknowvn
S P= G S UsingSinsteadof P in the decovolution processanda sufciently
large FWHM valuefor G, impliesthatthe Shannorsamplingtheorem[79] is never
violated. But the problemis now to calculateS, knowing P andG, whichis againa
decowolution problem. Unfortunately this delicatepoint wasnot discussedn the
original paper Propagatiorof the erroron the S estimationin the nal solutionhas
alsountil now not beeninvestigatedevenif thisissueseemsgo be quiteimportant.

1.9 Myopic and Blind Decorvolution

In the eld of astronomythe PSFis, in mary casesyariablewith time or within the
obsered eld. For instancewhenobservingin the visible or nearinfraredrange
from the ground,the atmospheridurbulenceproducesmageswith seeing-limited
spatialresolution,that are much lower than the theoreticaldiffraction limit. This
resolutionrangestypically for the visible radiationsbetween0.4 and 1 arcsecin
the bestsitesfor astronomicabbsenations. Becausef the stochastimatureof the
seeing(dueto randomchangesf the opticalindex of the differentlayersof the at-
mosphere)severaltimescalesareinvolved. First, the PSFis highly unstableover a
timescaleof severaltensof millisecondsin the visible, but its time averagedvalue
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overtypically afew secondg€anremainstableoveramuchlongertime (severalmin-
utes). Dependingon the site, the averageseeingcanvary signi cantly with typical
timescale®f afew tensof minutes.Long exposuresseeingaveragedwould usually
provide anestimateof the PSFfor long exposuren scienti ¢ targets.

For a given obsenation, onecande ne a parametercalledthe Fried parameter
ro. Its value de nes the equivalentdiameterof a telescopethat would producea
diffraction-limitedimagewith the sameresolutionasthe seeinglimited one. This
parametewariesasa function of the wavelengthsuchthatrq p (/ )>®cm; atypical
valueof this parameters 20cm at 0.5 nm. Theimageresolutionis thenof theorder
of ro=l in the caseof seeing-limiteddata,insteadof a valuearoundD=/ (D being
thetelescopaliameter)for diffractionlimited obsenations. If visible/neasinfrared
dataare always seeing-limited one can note that mid-infrareddataaround10 mm
aremainly diffractionlimited on a 4m-classtelescope.However, for one 8m-class
telescopesuchasthe Very Large Telescopeén Chile andgiventhe seeingconditions
atthissite,oneis just atthetransitionregimebetweerpurelydiffraction-limitedand
seeingimited. Hencemid-infrareddataon 8m-clasgelescopesequirenow theuse
of myopicdecorvolution methods.

The principle of adaptve optics (AO) obsenationswasdevelopedin orderto try
to getrid of the seeinglimitation andrecover diffractionlimited images.However,
thisis trueto a certainextent. First,only asmall eld of view (typically, afew arcsec
in thevisible range),aroundthe AO referencdasufciently bright object;typically
a bright starwith magnitudeV lower than), currentlybene tsfrom the bestimage
correctionwhich degradesasexp( Dq)3= (Dq is the distanceto the center eld).
This eld extentis de ned by the isoplanaticangle,in which the wavefront distor
sionis correctedaccuratelyIn orderto reachlarger elds of view, multi-conjugated
adaptve optics(MCAO) systemsareunderdevelopmentn parallelwith laserguide
starswhichwill allow oneto syntheticallyproduceAO referenceatary placein the
sky. The Strehlratio, which is de ned astheratio of the centralintensityof the cur-
rently obsenedimageto the centralintensityof a perfectdiffraction limited image,
canachievetypical valuesaround30-50%for K bandobsenations,2.2 nm). Asone
obseresanobjectfar from the AO referencethis correctionassessmergarameter
degradesreachingavaluebeinghalf its valueat the center eld (thelocationof the
AO reference)at a distanceof 40 arcsedrom it. SinceAO performancesireinti-
matelylinkedto the seeing(or rg) value,the AO correctionwill alsostronglyvary
with time. In summaryAO obsenationsdealwith quitesigni cantly varying PSFs:
varyingin time becausef seeingtime variations,andvarying in spacebecausef
theisoplanaticpatch. As a consequencedO astronomicabbsenationsdo require
alsomyopic decomwolution methods.Much effort in astronomicablind decorwolu-
tion have beenthusnaturallydevotedto thistype of data.

Astronomicalshortexposurespr speckleimages have usuallyunknovn PSFbe-
causeof strongandrandomchangeof the imagephase.Althoughit is essentially
thephaseof theobjectwhichis affected while its amplitudeis barelymodi ed, some
speci ¢ methodsf blind decowolutionin whichthe PSFis assumedinknavn, have
to beused.Thechallengehatfacesany methodis thatit shouldbe ableto incorpo-
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rateasmuchaspossibleby way of constraint@nda priori knowledgeonthesolution
in orderto avoid beingtrappedin trivial solutionssuchasf O,Pg=f |,dg whered is
theDirac function.

1.9.1 Myopic Decorvolution

Myopic decorvolution assumeshat an estimateof the PSF which is not too “far”

from the true one, is known. A measureof this PSFis usually performedby ob-

servingan objectsupposedo be point-like, in the sameobsenational conditions
(sametelescope/instrumertbn guration, andweatherconditionsascloseaspossi-
ble). Thisis achievedby observingfrequently beforeandafterary scienti c target,
someunresoledstar atanairmassloseto thatof thesciencdaarget,andif possible,
nottoo farin thesky from it. Astronomicaldatausuallydealthenwith multi-frame
data:multiple recordsof the blurredobject,multiple recordsof estimate®f the PSF
P;. Within this framawvork somenew methodshave emegedin the lastdecadeand
arepresentedh thefollowing.

IDAC is a myopic, Bayesiandecowolution methodderived from a blind decon-
volution method([19], seesectionl.9.2below for thedetails),andappliedmainly to
adaptie opticsdata. It is a multi-framedecowolution methodin which loosecon-
straintsareputonthesolution.

TheMISTRAL methodwasdevelopedby [65] in orderto decomwvolve AO partially
correcteddata. An estimateof the PSFP.4 canbe derivedfrom obsenationsof an
unresoledstarshortlybeforeand/orafterobservinghe objectof interest.Usingthe
usualBayesianframewnork, andthe MAP approachpneendsup with thefollowing
functionalto minimize,to nd O andP simultaneously:

J(O;P) = Jrest Jp(P) + Jo(O) (1.62)

whereJyesis the” delity tothedata’termsuchthat:
1 . . .
JedO;P) = @k(l P O)k?® inthecaseof Gaussiamoise (1.63)

and

JedO;P) = é (P O 1In[P O]) inthecaseof Poissomoise(1.64)

pixels

Jp(P) is the penaltyterm expressingthat solution P shouldnot be “too different”
from the estimateof the PSFPeq

B 5 N2
3(P) = 8§ JP(UV)  Peg(UV)]

. S (1.65)
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whereSy(u;v) = E[jP(u;v)  Peg(u;V)j] is the spatialpower spectraldensity Peg is
computedasE[R], R beingthe differentestimate®f the PSE

In addition,areparametrizatiofO = y 2) ensureshe positivity of the solution.
Somevery nice resultsobtainedwith this methodappliedto imagesof the satellite
of Jupiter lo, areshavn in Fig. 1.4 allowing usto studylo volcanismwith ground-
basedAO data.

The decorvolution from wave-front sensingwas originally proposedby [35] in
1985. The ideabehindit is thatin AO obsenationswave-front dataare simulta-
neouslyrecordedin the wave-front sensor(WFS); thesedata containinformation
aboutthe PSFbut in anunusualform (often projectedonto a baseof Zernike poly-
nomials). Sincewe dealwith shortexposureimages(lessthan10 mstypically), the
atmosphericurbulenceis assumedo be frozen,sothatthe PSFatatimet canbe
fully characterizethy theturbulentphasef (t) in the pupil plane:

PSF(t)=F (pelf®) (1.66)

whereP is the pupil function.

The usualtechniquesonsistof rstly estimatingthe wave-frontsfrom the WFS,
andthenobtainingthe decowolvedimageby maximuma posteriori(MAP) estima-
tion [5]. Sincewave-frontestimatesareinevitably noisy, Mugnier et al. [66] pro-
poseda robustjoint estimatorwithin a Bayesianframenork to reconstructhe true
wave-frontdataandthe restoredobjectsimultaneously This estimatorusesall sta-
tistical informationthat one haseitheron the noise,or on the stochastigprocesses
that control the turbulent phase(Kolmogoror statistics). A functional containing
constrainton f (t) (complyingwith Kolmogoror statistics)and on the objectO is
minimized. This methodis moreef cient thanspeckleinterferometrybecauset is
notlimited by specklenoiseathigh photon ux andthesignal-to-noiseatiois better
for extendedobjects.Fig. 1.5shavshow spectaculatheresultcanbe on experimen-
tal dataof the binarystarCapella.

1.9.2 Blind Decorvolution

In 1994, [95] proposeda simple methodfor blind decowolution basedon Lucy's
algorithm. The ideais to alternatvely performa Lucy iteration on the object O
andthenon the PSFP. However, althoughattractive becausef its simplicity, this
procesqi) canbe highly unstableand(ii) putsno constrainton the PSFmakingit
dif cult to preventit tendingtowardsthetrivial solutionf I,dg.

JeferiesandChristou[50] have proposedaniterative blind decowolutionmethod
of multi-framedatabasedon the minimizationof a penaltyfunctionalputting phys-
ical and“reasonable’looseconstraintson the solution (O,P;). Assumingthat one
dealswith i = 1;::: framesthis methodminimizesthefunctional:

J(O;P) = Em+ Econvt Epi+ EFm (1.67)
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where:

1. Eim = 8n2g, O(N)2+ 8 yp g P(M)? is theimagedomainerrorwhich penalizes
negative values(g andg sets)in thesolutionO or in the PSFP.

2. Econ= &i&uvil(U;v)  P(U;v)O(u; v)j2M(u; v) is calledthecorvolutionerror
andexpresseshe delity of therecorvolvedimageto thedatain Fourierspace,
M being a maskexcluding spatialfrequencieshigherthan the physicalcut-
off frequeny (by diffraction (D/I ) or seeing(ro/l ) of the instrumentalset.
Dependingon the corventionson the Fouriertransform,onehasto normalize
thistermby the numberof pixelsin theimage.

3. Ep istheband-limiterrorde ned by Ey = &; & ,viP(U; v)i?MY{u; v) whereM©
is a spatialfrequenciesnaskgreaterthan 1.39 of the cut-off frequeng. The
samenormalizatiorrule appliesasabove.

4. EppistheFouriermoduluserror, suchthatEgm = éiéu;vjé(u;v) Oes (U; V)j2F (U; V)
whereOe4(U; V) is a crudeestimateof the object's Fouriermodulusgivenby:
s
A hilizi  hiNj2i
JOeg] hipf2i ( )
Thiebautand Conan[93] comparedhe applicationof loose(similar to someex-
tentto [50]) andof strict a priori constraintson the solutionwhenmaximizingthe
likehood.They foundthatmuchbettersolutionscanbe achiezedwhenapplyingthe
secondbption. Stricta priori constraintsareappliedin this caseby areparametriza-

tion ensuringthe soughtphysicalpropertiesof the solutione.g.:

1. Positvity of the objectO makingthe changeof variable:
0=y3 (1.69)
2. Positvity andnormalizationof the PSFP by setting:

2

Yh
. 2
a pixelsY h

(1.70)

The gradientsf the functionalarethenrecomputedanddependhow onthe nev
unknowvns yp (representing®) and y o (representingd). This methodhasbeen
shown to give very goodresultsin the caseof speckledataon the Capellabinary
system[93].

In summaryseveralmethodsarecurrentlyavailableto carry out myopicor blind
decorwvolution. For bestresultswe recommendhe Bayesianformalismbecauset
offersanicewayto incorporateary typeof constrainobnthesolution. Thesemethods
offer muchbetterresultsthanary otheralgebraiomethod but atsomecomputational
cost(the minimization of the functionalrequiresintensive computingand ef cient
minimizationschemes).
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1.10 Conclusionsand Chapter Summary

As in mary elds, simple methodscan be availed of — for example the solution
providedby equation(1.16)— but atthe expenseof quality in the solutionanda full
understandingf one's data.Oftenasimplesolutioncanbefully justi ed. However,
if our dataor our problemsareimportantenough thenappropriatgoroblemsolving
approachesave to be adopted. The panoplyof methodspresentedn this review
provide optionsfor high quality imageandsignalrestoration.

We have notedhow the wavelettransformoffersa powerful mathematicahndal-
gorithmic framework for multiple resolutionanalysis.Furthermorenoisemodeling
is very advantageouslyarriedout in waveletspace.Finally, andof crucialimpor-
tancein this chapternoiseis themainproblemin decowolution.

Progresshasbeensigni cant in a wide rangeof areasrelatedto decorolution.
Onethinks of Bayesianmethodsthe useof entrofy, andissuesrelatingto super
resolution for example.

We will concludewith ashortlook athow multiscalemethodsusedin decoivolu-
tion areevolving andmaturing.

We have seenthat the recentimprovementin decowolution methodshasled to
useof a multiscaleapproach. Finally, wavelet basedconstraintscan be addedin
both domaing[90]. This allows usto separateéhe decorvolution probleminto two
separat@roblems:noisecontrolfrom oneside,andsolutionsmoothnessontrolon
the otherside. The advantages that noisecontrolis bettercarriedoutin theimage
domain,while smoothnessontrolcanonly be carriedoutin theobjectdomain.

The reasonfor the succes®f waveletsis dueto the factthat wavelet basesep-
resentwell a large classof signals,especiallyastronomicatlatawheremostof the
objectsaremoreor lessisotropic. Whenthedatacontainsanisotropideatureqsolar,
planetaryimagesegtc.),othermultiscalemethodssuchastheridgeletor the curvelet
transform[14, 13, 32, 84], aregoodcandidategor replacingthe wavelettransform.
Theultimatestepis the combinationof the differentmultiscaledecompositions.

Very nice resultshave beenobtainedbasedon myopic or blind decorvolution.
However, thereis currentlyno algorithmbasedbn multiscalemethodsn the eld of
myopicor blind decorvolutionfor theregularization.New methodgakingadwantage
of thesetools,aswasalreadydonefor standardmagedecowolution,shouldappear
soon.
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FIGURE 1.2

Simulated Hubble Space TelescopeWide Field Camera image of a distant
cluster of galaxies. Six quadrants. Upper left: original, unaberrated and
noise-free. Upper right: input, aberrated, noiseadded. Middle left: restora-
tion, Richardson-Lucy. Middle right: restoration, Pixon method. Lower left,
restoration wavelet-vaguelette.Lower right, restorationwavelet-Lucy.
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FIGURE 1.3

Upper left: penalization functions: dashed,l1 norm (i.e. f (W) =j wj); dotted |»

norm f (w) = %; continuous, multiscale entropy function. Upper right: Beta

Pictoris raw data. Lower left: Ilter ed imageusing. Lower right: decorvolved
one.
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FIGURE 1.4

Jupiter-facing of lo obsewedwith the KeckAO systemin J,H, andK bands.The
secondrow shows the former imagesdecorvolved with the MISTRAL method,
and are compared to Galileo probeimagesin which a precursor to a volcanic
burst is detected. The last row shows decorvolvedimages2 dayslater in which
a major outburst, seenalso on Galileo imagesbut fainter (Galileo obsewesin
the visible range and is lesssensitive to “thermal” events),is alsodetectedfrom
Earth.
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FIGURE 1.5

Experimental short exposure of the binary systemCapella taken at the 4.2m
William Herscheltelescopel a Palma, Canariasislands (upper left) and corre-
sponding long-exposuee, 10 times longer, showing the lossof resolution due to
atmosphericturbulenceblurring (upper right). Restored image using a MAP
estimate of the wave-front followed by a quadratic restoration with positivity
constraint (lower left). Image restored by the myopic decornvolution method
developedby Mugnier et al. [66] (lower right).



