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1.1 Intr oduction

Deconvolution is a key areain signalandimageprocessing.It canincludedeblur-
ring of anobservedsignalto removeatmosphericeffects.More generally, it means
correctingfor instrumentaleffectsor observingconditions.

Researchin imagedeconvolutionhasrecentlyseenconsiderablework, partly trig-
geredby the HST optical aberrationproblemat the beginning of its missionthat
motivatedastronomersto improve currentalgorithmsor developnew andmoreef-
fective ones.Sincethen,deconvolution of astronomicalimageshasprovenin some
casesto becrucialfor extractingscienti�c content.For instance,IRAS imagescanbe
effectively reconstructedthanksto anew pyramidalmaximumentropy algorithm[8].
Io volcanismcanbestudiedwith a lower resolutionof 0.15arcsec,or 570km on Io
[58]. Deconvolvedmid-infraredimagesat20mm revealedtheinnermoststructureof
theAGN in NGC1068surroundingthegiantblackhole,someof which enshrouded
emissionregionsunobservableat lowerwavelengthbecauseof higherdustextinction
[3]: seeFig. 1.1. Researchon gravitationallensesis easierandmoreeffectivewhen
applyingdeconvolutionmethods[26].

Deconvolution will be even morecrucial in the future in order to fully take ad-
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2 Blind imagedeconvolution: theoryandapplications

vantageof increasingnumbersof high-qualityground-basedtelescopes,for which
imagesarestronglylimited in resolutionby theseeing.

FIGURE 1.1
The active galaxy nucleusof NGC1068observed at 20 mm. Upper left: the raw
imageis highly blurr edby telescopediffraction (1.4arcsecresolutionon a 3.6m
telescope)and seeing. Right: the restored image using the multiscale entropy
method revealsthe inner structur e in the vicinity of the nucleus. Lower left:
the sameobject observed later on a larger telescope(VLT, 8m-classtelescope)
whosesharper resolution con�rms the structur es found previously by image
deconvolution.

HST provideda leadingexampleof theneedfor deconvolution, in theperiodbe-
fore thedetectorsystemwasrefurbished.Two proceedings[98, 43] provide useful
overviews of this work, anda later referenceis [2]. While an atmosphericseeing
point spreadfunction (PSF)may be relatively tightly distributedaroundthe mode,
this was not the casefor the sphericallyaberratedHST PSF. Whenever the PSF
“wings” areextendedandirregular, deconvolution offers a straightforward way to
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mitigate the effectsof this and to upgradethe coreregion of a point source. One
usageof deconvolution of continuingimportanceis in informationfusion from dif-
ferentdetectors.For example,Faureet al. [33] deconvolve HST imageswhencor-
relating with ground-basedobservations. In Radomskiet al. [75], Keck dataare
deconvolved, for studywith HST data. VLT (Very Large Telescope)dataarede-
convolved in [12], with otherESOandHST datausedaswell. In planetarywork,
Coustenisetal. [27] discussCFHTdataaswell asHSTandotherobservations.

Whatemergesveryclearlyfrom thissmallsample– which is in nowayatypical–
is thata majoruseof deconvolution is to help in cross-correlatingimageandsignal
information.

An observed signal is never in pristinecondition,and improving it involvesin-
verting the spoiling conditions,i.e. �nding a solutionto an inverseequation. The
problemis usuallyanill-conditionedone,which leadsto theneedfor constraintson
whatis to beanacceptablesolution.Constraintsrelatedto thetypeof signalwe are
dealingwith play animportantrole in thedevelopmentof effective andef�cient al-
gorithms.Theuseof constraintsto providefor astableanduniquesolutionis termed
regularization.

Our review opensin section1.2with a formalizationof theproblem.Section1.3
considersthe issueof regularization. In section1.4, the CLEAN methodwhich is
centralto radioastronomyis described.Bayesianmodelingandinferencein decon-
volution is reviewedin section1.5.

Section1.6 furtherconsidersregularization,surveying morecomplex andpower-
ful regularizationmethods.Section1.7introduceswavelet-basedmethodsasusedin
deconvolution. Thesemethodsarebasedonmultiple resolutionor scale.In sections
1.8and1.9,importantissuesrelatedto resolutionof theoutputresultimagearedis-
cussed.Section1.8is basedonthefactthatit is normallynotworthwhileto targetan
outputresultwith betterresolutionthansomelimit, for instanceapixel size.Section
1.9investigateswhen,whereandhow missinginformationcanbeinferredto provide
a super-resolutionoutputimage.

1.2 The Deconvolution Problem

Consideran imagecharacterizedby its intensitydistribution (the “data”) I , corre-
spondingto the observationof a “real image” O throughan optical system. If the
imagingsystemis linear andshift-invariant,the relationbetweenthe dataandthe
imagein thesamecoordinateframeis a convolution:

I (x;y) =
Z + ¥

x1= � ¥

Z + ¥

y1= � ¥
P(x� x1;y� y1)O(x1;y1)dx1dy1

+ N(x;y)

= (P� O)(x;y) + N(x;y) (1.1)
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P is thepoint spreadfunction,PSF, of theimagingsystem,andN is additivenoise.
In Fourierspacewehave:

Î (u;v) = Ô(u;v)P̂(u;v) + N̂(u;v) (1.2)

We want to determineO(x;y) knowing I andP. This inverseproblemhasled to
a large amountof work, the main dif�culties being the existenceof: (i) a cut-off
frequency of thepoint spreadfunction,and(ii) theadditive noise.Seefor example
[25, 52, 6, 63].

A solutioncanbeobtainedby computingtheFouriertransformof thedeconvolved
objectÔ by a simpledivisionbetweentheimageÎ andthePSFP̂

ˆ̃O(u;v) =
Î (u;v)

P̂(u;v)
= Ô(u;v) +

N̂(u;v)

P̂(u;v)
(1.3)

This method,sometimescalledthe Fourier-quotientmethodis very fast. We only
needto do a Fourier transformandan inverseFourier transform. For frequencies
closeto the frequency cut-off, the noiseterm becomesimportant,andthe noiseis
ampli�ed. Thereforein thepresenceof noise,this methodcannotbeused.

Eqn.1.1 is usuallyin practicean ill-posedproblem. This meansthat thereis no
uniqueandstablesolution.

Othertopicsrelatedto deconvolutionare:

� Super-resolution:objectspatialfrequency informationoutsidethespatialband-
width of theimageformationsystemis recovered.

� Blind deconvolution: thePSFP is unknown.

� Myopic deconvolution: thePSFP is partiallyknown.

� Imagereconstruction:an imageis formedfrom a seriesof projections(com-
putedtomography, positronemissiontomographyor PET, andsoon).

We will discussthe�rst threepointsin this chapter.
In thedeconvolution problem,thePSFis assumedto be known. In practice,we

have to constructa PSFfrom the data,or from an optical model of the imaging
telescope. In astronomy, the datamay containstars,or one can point towardsa
referencestarin orderto reconstructaPSF. Thedrawbackis the“degradation”of this
PSFbecauseof unavoidablenoiseor spuriousinstrumentsignaturesin thedata.So,
whenreconstructingaPSFfrom experimentaldata,onehasto reduceverycarefully
theimagesused(backgroundremoval for instance)or otherwiseany spuriousfeature
in thePSFwouldberepeatedaroundeachobjectin thedeconvolvedimage.Another
problemariseswhenthePSFis highly variablewith time,asis thecasefor adaptive
opticsimages.ThismeansusuallythatthePSFestimatedwhenobservingareference
star, afteror beforetheobservationof thescienti�c target,hassmalldifferencesfrom
theperfectone.In thisparticularcase,onehasto turntowardsmyopicdeconvolution
methods[20] in whichthePSFis alsoestimatedin theiterativealgorithmusinga�rst
guessdeducedfrom observationsof referencestars.
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Anotherapproachconsistsof constructinga syntheticPSF. Several studies[10,
59, 31, 64] havesuggestedaradially symmetricapproximationto thePSF:

P(r) µ
�

1+
r2

R2

� � b

(1.4)

Theparametersb andRareobtainedby �tting themodelwith starscontainedin the
data.

1.3 Linear RegularizedMethods

1.3.1 LeastSquaresSolution

It is easyto verify thattheminimizationof k I (x;y) � P(x;y) � O(x;y) k2 leadsto the
solution:

ˆ̃O(u;v) =
P̂� (u;v)Î (u;v)

j P̂(u;v) j2
(1.5)

which is de�ned only if P̂(u;v) is differentfrom zero.HereP̂� is thecomplex conju-
gateof P̂. Theproblemis generallyill-posedandweneedto introduceregularization
in orderto �nd auniqueandstablesolution.

1.3.2 Tikhonov Regularization

Tikhonov regularization[94] consistsof minimizing theterm:

JT (O) = k I(x;y) � (P� O)(x;y) k2 + l k H � O k2 (1.6)

whereH correspondsto a high-pass�lter , andk : k2 is normsquared.This criterion
containstwo terms.The�rst, k I (x;y) � (P� O)(x;y) k2, expresses�delity to thedata
I (x;y), andthe second,l k H � O k2, expressessmoothnessof the restoredimage.
l is theregularizationparameterandrepresentsthetrade-off between�delity to the
dataandthesmoothnessof therestoredimage.

Thesolutionis obtaineddirectly in Fourierspace:

ˆ̃O(u;v) =
P̂� (u;v)Î (u;v)

j P̂(u;v) j2 + l j Ĥ(u;v) j2
(1.7)

Finding the optimal value l necessitatesuseof numericaltechniquessuchas
cross-validation[40, 38]. This methodworks well, but computationallyit is rela-
tively lengthyandproducessmoothedimages.Thissecondpoint canbea realprob-
lem whenwe seekcompactstructuressuchasis thecasein astronomicalimaging.
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This methodcanbegeneralizedsuchthat

ˆ̃O(u;v) = Ŵ(u;v)
Î (u;v)
P̂(u;v)

(1.8)

W beinga window functionsatisfyingsomeconditions[6]. Thesewindow function
canbefor instancetheusualGaussian,Blackmann,Hammingor Hanningfunctions.
Thewindow functioncanalsobederiveddirectly from thePSF[72].

Linear regularizedmethodshave the advantageof being very attractive from a
computationpoint of view. Furthermore,the noise in the solution can easily be
derived from the noisein the dataand the window function. For example,if the
noisein thedatais Gaussianwith a standarddeviation s d, thenoisein thesolution
is s 2

s = s 2
d å W2

k . But this noiseestimationdoesnot take into accounterrorsrelative
to inaccurateknowledgeof thePSF, which limits its interestin practice.

Linearregularizedmethodspresentalsoa numberof severedrawbacks:

� Creationof Gibbsoscillationsin theneighborhoodof thediscontinuitiescon-
tainedin thedata.Thevisualquality is thereforedegraded.

� No apriori informationcanbeused.For example,negativevaluescanexist in
thesolution,while in mostcasesweknow thatthesolutionmustbepositive.

� Since the window function is a low-pass�lter , the resolutionis degraded.
Thereis trade-off betweenthe resolutionwe want to achieve and the noise
level in the solution. Othermethodssuchaswavelet-basedmethodsdo not
havesucha constraint.

1.4 CLEAN

The CLEAN method[45] is a mainstreamonein radio astronomy. This approach
assumesthe object is only composedof point sources. It tries to decomposethe
image(calledthe dirty map) into a setof d-functions. This is doneiteratively by
�nding thepoint with the largestabsolutebrightnessandsubtractingthePSF(dirty
beam)scaledwith theproductof the loop gainandthe intensityat thatpoint. The
resultingresidualmap is thenusedto repeatthe process.The processis stopped
whensomeprespeci�edlimit is reached.Theconvolutionof thed-functionswith an
idealPSF(cleanbeam)plustheresidualequalstherestoredimage(cleanmap).This
solutionis only possibleif theimagedoesnot containlarge-scalestructures.

In thework of [16] and[51], therestorationof anobjectcomposedof peaks,called
sparsespike trains, hasbeentreatedin a rigorousway.
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1.5 BayesianMethodology

A Bayesianformulationmaywell bejustanotherwayof describingtheclassicalmin-
imizationproblemwith constraints,asseenin section1.3. However it is important
for the following reasons:it incorporatesproceduresfor theestimationof parame-
ters;andprior informationonthevaluesof suchparameterscanalsobeincorporated
easily.

1.5.1 De�nition

The Bayesianapproachconsistsof constructingtheconditionalprobabilitydensity
relationship:

p(O j I ) =
p(I j O)p(O)

p(I )
(1.9)

TheBayessolutionis foundby maximizingtheright partof theequation.Now since
we aremaximizing p(O j I ), the imageI is alwaysthesamefor themaximization,
andso p(I ) is constanthere. The maximumlikelihoodsolution (ML) maximizes
only thedensityp(I j O) overO:

ML(O) = max
O

p(I j O) (1.10)

The maximum a posteriori solution (MAP) maximizesover O the product p(I j
O)p(O) of theML anda prior:

MAP(O) = max
O

p(I j O)p(O) (1.11)

p(I ) is consideredasa constantvaluewhich hasno effect in the maximization
process,andis ignored.TheML solutionis equivalentto theMAP solutionassuming
a uniformprobabilitydensityfor p(O).

1.5.2 Maximum Lik elihoodwith GaussianNoise

Theprobability p(I j O) is

p(I j O) =
1

p
2ps I

exp�
(I � P� O)2

2s 2
I

(1.12)

wheres 2
I is imagevarianceand,assumingthatp(O) is aconstant,maximizingp(O j

I ) is equivalentto minimizing

J(O) =
k I � P� O k2

2s 2
I

(1.13)
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wherethedenominatoris unimportantfor theoptimumvalueof J. Usingthesteepest
descentminimizationmethod,a typical iterationis

On+ 1 = On + gP� � (I � P� On) (1.14)

whereP� (x;y) = P(� x; � y). P� is the transposeof the PSF, andOn is the current
estimateof thedesired“real image”. This methodis usuallycalledtheLandweber
method[53], but sometimesalso the successiveapproximationsor Jacobimethod
[6].

ThesolutioncanalsobefounddirectlyusingtheFFT by

Ô(u;v) =
P̂� (u;v)Î (u;v)
P̂� (u;v)P̂(u;v)

(1.15)

which amountsto thesameasequation1.3. Sucha straightforwardapproachunfor-
tunatelyampli�es noise.

1.5.3 GaussianBayesModel

If the objectandthe noiseareassumedto follow Gaussiandistributionswith zero
meanandvariancerespectively equalto s 2

O ands 2
N, thena Bayessolutionleadsto

theWiener�lter:

Ô(u;v) =
P̂� (u;v)Î (u;v)

j P̂(u;v) j2 +
s 2

N(u;v)
s 2

O(u;v)

(1.16)

Wiener�ltering hasseriousdrawbacks(artifactcreationsuchasringingeffects),and
needsspectralnoiseestimation.Its advantageis thatit is very fast.

1.5.4 Maximum Lik elihoodwith PoissonNoise

Theprobability p(I j O) is

p(I j O) = Õ
x;y

((P� O)(x;y)) I (x;y) expf� (P� O)(x;y)g
I (x;y)!

(1.17)

Themaximumcanbecomputedby takingthederivativeof thelogarithm:

¶ ln p(I j O)(x;y)
¶O(x;y)

= 0 (1.18)

which leadsto theresult(assumingthePSFis normalizedto unity)

�
I

P� O
� P�

�
(x;y) = 1 (1.19)
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Multiplying bothsidesby O(x;y)

O(x;y) =
�

I
(P� O)

� P�
�

(x;y)O(x;y) (1.20)

andusingPicarditeration[47] leadsto

On+ 1(x;y) =
�

I
(P� On)

� P�
�

(x;y)On(x;y) (1.21)

which is the Richardson-Lucy algorithm [76, 55, 80], also sometimescalled the
expectationmaximizationor EM method[29]. This methodis commonlyusedin
astronomy. Flux is preservedandthesolutionis alwayspositive. The positivity of
thesolutioncanbeobtainedtoowith VanCittert'sandtheone-stepgradientmethods
by thresholdingnegativevaluesin On ateachiteration.

1.5.5 Maximum A Posteriori with PoissonNoise

We formulatetheobjectPDF(probabilitydensityfunction)as

p(O) = Õ
x;y

M(x;y)O(x;y) expf� M(x;y)g
O(x;y)!

(1.22)

TheMAP solutionis

O(x;y) = M(x;y) exp
��

I (x;y)
(P� O)(x;y)

� 1
�

� P� (x;y)
�

(1.23)

andchoosingM = On andusingPicarditerationleadsto

On+ 1(x;y) = On(x;y) exp
��

I (x;y)
(P� On)(x;y)

� 1
�

� P� (x;y)
�

(1.24)

1.5.6 Maximum Entr opy Method

In theabsenceof any informationon thesolutionO exceptits positivity, a possible
courseof actionis to derive theprobabilityof O from its entropy, which is de�ned
from informationtheory. Thenif we know theentropy H of thesolution,we derive
its probabilityas

p(O) = exp(� a H(O)) (1.25)

Themostcommonlyusedentropy functionsare:

� Burg [11]: Hb(O) = � å x å y ln(O(x;y))

� Frieden[37]: H f (O) = � å x å y O(x;y) ln(O(x;y))
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� Gull andSkilling [42]:

Hg(O) = å
x
å
y

O(x;y) � M(x;y) � O(x;y) ln(O(x;y)=M(x;y))

Thelastde�nition of theentropy hastheadvantageof having azeromaximumwhen
O equalsthemodelM, usuallytakenasa �at image.

1.5.7 Other Regularization Models

Molina et al. [63] presentanexcellentreview of takingthespatialcontext of image
restorationinto account.Someappropriateprior is usedfor this. Onesuchregular-
izationconstraintis:

kCIk2 = å
x
å
y

I (x;y) �
1
4

(I (x;y+ 1) + I(x;y� 1) + I(x+ 1;y) + I(x� 1;y)) (1.26)

which is equivalentto de�ning theprior

p(O) µ exp
n

�
a
2

kCIk2
o

(1.27)

a is the inverseof the prior varianceand it controls the smoothnessof the �nal
solution.

Giventheform of equation(1.26),suchregularizationcanbeviewedassettinga
constrainton theLaplacianof therestoration.In statisticsthismodelis a simultane-
ousautoregressivemodel,SAR[77].

Alternative prior modelscanbe de�ned, relatedto the SAR modelof equation
(1.26):

p(O) µ exp

(

�
a
2 å

x
å
y

(I (x;y) � I (x;y+ 1))2 +
�
I (x;y) � I (x+ 1;y))2�

)

(1.28)

whereconstraintsareseton �rst derivatives.This is a conditionalautoregressive,or
CAR, model,discussedfurtherbelow.

Blanc-FeraudandBarlaud[7], andCharbonnieret al. [17] considerthefollowing
prior:

p(O) µ exp

(

� a å
x
å
y

f (k ÑI k)(x;y)

)

(1.29)

µ exp

(

� a å
x
å
y

f (I (x;y) � I (x;y+ 1))2 + f (I (x;y) � I (x+ 1;y))2

)

(1.30)

Thefunctionf , calledpotentialfunction, is anedgepreservingfunction.
Generally, f functionsarechosenwith aquadraticpartwhichensuresgoodsmooth-

ing of smallgradients[41], anda linearbehavior which cancelsthepenalizationof
largegradients[9]:
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1. limt! 0
f

0
(t)

2t = M < + ¥ to smoothfaintgradients.

2. limt! ¥
f

0
(t)

2t = 0 to preservestronggradients.

3. f
0
(t)

2t is continuousandstrictly decreasing.

SuchfunctionsareoftencalledL2-L1 functions.Examplesof f functions:

1. f q(x) = x2: quadraticfunction.

2. f TV(x) = j x j: TotalVariation.

3. f 2(x) = 2
p

1+ x2 � 2: Hyper-Surface[18].

4. f 3(x) = x2=(1+ x2) [39].

5. f 4(x) = 1� e� x2
[71].

6. f 5(x) = log(1+ x2) [44].

The ARTUR method[17], which hasbeenusedfor helioseismicinversion[24],
usesthefunctionf (t) = log(1+ t2). Anisotropicdiffusion[71, 4] usessimilar func-
tions,but in thiscasethesolutionis computedusingpartial differential equations.

The function f (t) = t leadsto the total variation method[78, 1], theconstraints
areon �rst derivatives,andthemodelis a specialcaseof a conditionalautoregres-
sive or CAR model. Molina et al. [63] discusstheapplicabilityof CAR modelsto
imagerestorationinvolving galaxies.They arguethat suchmodelsareparticularly
appropriatefor themodelingof luminosityexponentialandr1=4 laws.

Thepriorsreviewedabovecanbeextendedto morecomplex models.In Molina et
al. [61, 62], a compoundGaussMarkov random�eld (CGMRF)modelis used,one
of themainpropertiesof which is to targetthepreservationandimprovementof line
processes.

Anotherprior againwasusedin Molina andCortijo [60] for thecaseof planetary
images.

1.6 Iterati veRegularizedMethods

1.6.1 Constraints

We assumenow thatthereexistsa generaloperator, P C (:), which enforcesa setof
constraintson a givenobjectO, suchthat if O satis�esall theconstraints,we have:
O = P C (O). Commonlyusedconstraintsarepositivity, spatialsupportconstraint,
band-limitationin Fourierspace.Theseconstraintscanbeincorporatedeasilyin the
basiciterativescheme.
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1.6.2 Jansson-Van Cittert Method

VanCittert [21] restorationis relatively easyto write. Westartwith n = 0 andO(0) =
I andwe iterate:

On+ 1 = On + a (I � P� On) (1.31)

wherea is a convergenceparametergenerallytakenas1. Whenn tendsto in�nity ,
we have O = O+ I � P� O, soI = P� O. In Fourierspace,theconvolutionproduct
becomesa product

Ôn+ 1 = Ôn + a (Î � P̂Ôn) (1.32)

In this equation,the objectdistribution is modi�ed by addinga term proportional
to the residual.Thealgorithmconvergesquickly, oftenafteronly 5 or 6 iterations.
But thealgorithmgenerallydivergesin thepresenceof noise.Jansson[49] modi�ed
this techniquein orderto give it morerobustnessby consideringconstraintson the
solution.If we wish thatA � Ok � B, theiterationbecomes

On+ 1(x;y) = On(x;y) + r(x;y) [I � (P� On)] (x;y) (1.33)

with:
r(x;y) = C

�
1� 2(B� A) � 1 j On(x;y) � 2� 1(A+ B) j

�

andwith C constant.
MoregenerallytheconstrainedVan-Cittertmethodis writtenas:

On+ 1 = P C [On + a (I � P� On)] (1.34)

1.6.3 Other Iterati veMethods

Otheriterativemethodscanbeconstrainedin thesameway:

� Landweber:

On+ 1 = P C [On + gP� (I � P� On)] (1.35)

� Richardson-Lucy method:

On+ 1(x;y) = P C

�
On(x;y)

�
I

(P� On)
� P�

�
(x;y)

�
(1.36)

� Tikhonov: theTikhonov solutioncanbeobtainediteratively by computingthe
gradientof equation(1.6):

Ñ(JT (O)) = [P� � P+ mH � � H] � O� P� � I (1.37)
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andapplyingthefollowing iteration:

On+ 1(x;y) = On(x;y) � gÑ(JT(O))( x;y) (1.38)

TheconstrainedTikhonov solutionis thereforeobtainedby:

On+ 1(x;y) = P C [On(x;y) � gÑ(JT(O))( x;y)] (1.39)

The numberof iterationsplaysan importantrole in theseiterative methods.In-
deed,thenumberof iterationscanbediscussedin relationto regularization.When
the numberof iterationsincreases,the iterates�rst approachthe unknown object,
andthenpotentiallygo away from it [6]. LandweberandRichardson-Lucy methods
convergeto uselesssolutionsdueto noiseampli�cation. Themain problemis that
thespaceof solutionsof thesemethodsis almostin�nite. Regularizedmethodsforce
thesolutionobtainedatconvergenceto beconstrainedto imageshaving thedesirable
propertiesof theoriginal (unknown) image,i.e.beingnon-noisy.

1.7 Wavelet-BasedDeconvolution

1.7.1 Intr oduction

Deconvolution and Fourier domain.

TheFourierdomaindiagonalizestheconvolution operator, andwe canidentify and
reducethe noisewhich is ampli�ed during the inversion. Whenthe signalcanbe
modeledasstationaryandGaussian,theWiener�lter is optimal.But whenthesignal
presentsspatially localizedfeaturessuchas singularitiesor edges,thesefeatures
cannotbewell-representedwith Fourierbasisfunctions,whichextendovertheentire
spatialdomain.Otherbasisfunctions,suchaswavelets,arebetter-suitedto represent
a largeclassof signals.

Towards multir esolution.

The conceptof multiresolutionwas �rst introducedfor deconvolution by Wakker
and Schwarz [96] when they proposedthe MultiresolutionCLEAN algorithmfor
interferometricimagedeconvolution. During thelast tenyears,many developments
have taken placein order to improve the existing methods(CLEAN, Landweber,
Lucy, MEM, andso on), andtheseresultshave led to theuseof differentlevelsof
resolution.

TheLucy algorithmwasmodi�ed [56] in orderto take into accounta priori infor-
mationaboutstarsin the �eld wherebothpositionandbrightnessareknown. This
is doneby usinga two-channelrestorationalgorithm,onechannelrepresentingthe
contribution relative to thestars,andthesecondto thebackground.A smoothness
constraintis addedon thebackgroundchannel.This methodwasthenre�ned �rstly
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(andcalledCPLUCY) for consideringsubpixelpositions[46], andasecondtime[73]
(andcalledGIRA) for modifying thesmoothnessconstraint.

A similar approachhasbeenfollowed by Magain[57], but morein the spirit of
theCLEAN algorithm.Again, thedataaremodeledasa setof point sourceson top
of spatiallyvaryingbackground,leadingto a two-channelalgorithm.

TheMEM methodhasalsobeenmodi�ed by severalauthors[97, 8, 70, 69, 90].
First, Weir proposedthe Multi-channelMEM method,in which an object is mod-
eledas the sumof objectsat different levels of resolution. The methodwas then
improvedby Bontekoe et al. [8] with the Pyramid MEM. In particular, many reg-
ularizationparameterswere �x ed by the introductionof the dyadicpyramid. The
link betweenPyramid MEM andwaveletswas underlinedin [70, 90], and it was
shown that all the regularizationparameterscanbe derived from the noisemodel-
ing. Waveletswerealsousedin [69] in orderto createa segmentationof theimage,
eachregionbeingthenrestoredwith adifferentsmoothnessconstraint,dependingon
the resolutionlevel wheretheregion wasfound. This lastmethodhashowever the
drawbackof requiringuserinteractionfor deriving thesegmentationthresholdin the
waveletspace.

ThePixonmethod[30, 74] is relatively differentto thepreviouslydescribedmeth-
ods.This time,anobjectis modeledasthesumof pseudo-imagessmoothedlocally
by a function with position-dependentscale,calledthe pixon shapefunction. The
setof pseudo-imagesde�nesadictionary, andtheimageis supposedto containonly
featuresincludedin this dictionary. But the main problemlies in the fact that fea-
tureswhich cannotbedetecteddirectly in thedata,nor in thedataaftera few Lucy
iterations,will notbemodeledwith thepixonfunctions,andwill bestronglyregular-
izedasbackground.Theresultis thatthefaintestobjectsareover-regularizedwhile
strongobjectsarewell restored.This is striking in theexampleshown in Fig. 1.2.

Thetotal variation methodhasa closerelationwith theHaartransform[22, 92],
andmoregenerally, it hasbeenshown thatpotentialfunctions,usedin Markov Ran-
domFieldandPDEmethods,canbeappliedonthewaveletcoef�cients aswell. This
leadsto multiscaleregularization,andtheoriginal methodbecomesa speci�c case
whereonly onedecompositionlevel is usedin thewavelettransform.

Waveletsoffer amathematicalframework for themultiresolutionprocessing.Fur-
thermore,they furnishan idealway to includenoisemodelingin thedeconvolution
methods.Sincethe noiseis the main problemin deconvolution, waveletsarevery
well adaptedto theregularizationtask.

1.7.2 Regularization fr om the Multir esolutionSupport

1.7.2.1 Noisesuppressionbasedon the wavelet transform

Wehavenotedhow, in usinganiterativedeconvolutionalgorithmsuchasVanCittert
or Richardson-Lucy, we de�ne R(n)(x;y), theresidualat iterationn:

Rn(x;y) = I (x;y) � (P� On)(x;y) (1.40)
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By usingthe �a trouswavelettransformalgorithm,Rn canbede�ned asthesumof
its J waveletscalesandthelastsmootharray:

Rn(x;y) = cJ(x;y) +
J

å
j= 1

wj ;x;y (1.41)

wherethe�rst termon theright is thelastsmoothedarray, andw denotesa wavelet
scale.

Thewaveletcoef�cients provideamechanismto extractonly thesigni�cant struc-
turesfrom theresidualsat eachiteration.Normally, a largepartof theseresidualsis
statisticallynon-signi�cant.Thesigni�cant residual[67, 85] is then:

ÅRn(x;y) = cJ;x;y +
J

å
j= 1

M( j;x;y)w j ;x;y (1.42)

whereM( j;x;y) is themultiresolutionsupport,andis de�ned by:

M( j;x;y) =
�

1 if w j ;x;y is signi�cant
0 if w j ;x;y is non-signi�cant

(1.43)

Thisdescribesin a logicalor Booleanway if thedatacontainsinformationatagiven
scalej andat agivenposition(x;y).

An alternativeapproachwasoutlinedin [68] and[83]: thesupportwasinitialized
to zero,andbuilt up at eachiterationof therestorationalgorithm.Thusin equation
(1.42)above,M( j;x;y) wasadditionallyindexedby n, the iterationnumber. In this
case,thesupportwasspeci�ed in termsof signi�cant pixelsat eachscale,j; andin
additionpixels could becomesigni�cant asthe iterationsproceeded,but could not
bemadenon-signi�cant.

1.7.2.2 Regularization of Van Cittert' salgorithm

VanCittert's iteration[21] is:

On+ 1(x;y) = On(x;y) + a Rn(x;y) (1.44)

with Rn(x;y) = In(x;y) � (P � On)(x;y). Regularizationusingsigni�cant structures
leadsto:

On+ 1(x;y) = On(x;y) + a ÅRn(x;y) (1.45)

The basic idea of this regularizationmethodconsistsof detecting,at eachscale,
structuresof a given size in the residualRn(x;y) andputting them in the restored
imageOn(x;y). The process�nishes whenno morestructuresaredetected.Then,
we have separatedthe imageI(x;y) into two imagesÕ(x;y) andR(x;y). Õ is the
restoredimage,whichoughtnot to containany noise,andR(x;y) is the�nal residual
whichoughtnot to containany structure.R is our estimateof thenoiseN(x;y).
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1.7.2.3 Regularization of the one-stepgradient method

Theone-stepgradientiterationis:

On+ 1(x;y) = On(x;y) + (P� � Rn) (x;y) (1.46)

with Rn(x;y) = I (x;y) � (P� On)(x;y). Regularizationby signi�cant structuresleads
to:

On+ 1(x;y) = On(x;y) + (P� � ÅRn) (x;y) (1.47)

1.7.2.4 Regularization of the Richardson-Lucy algorithm

From equation(1.1), we have I n(x;y) = (P � On)(x;y). Then Rn(x;y) = I (x;y) �
In(x;y), andhenceI(x;y) = In(x;y) + Rn(x;y).
TheRichardson-Lucy equationis:

On+ 1(x;y) = On(x;y)
�

In + Rn

In � P�
�

(x;y)

andregularizationleadsto:

On+ 1(x;y) = On(x;y)
�

In + ÅRn

In � P�
�

(x;y)

1.7.2.5 Convergence

Thestandarddeviation of theresidualdecreasesuntil no moresigni�cant structures
are found. Convergencecanbe estimatedfrom the residual. The algorithmstops
whenauser-speci�edthresholdis reached:

(sRn� 1 � sRn)=(sRn) < e (1.48)

1.7.2.6 Examples

A simulatedHubbleSpaceTelescopeWide Field Cameraimageof a distantcluster
of galaxiesis shown in Fig. 1.2, upperleft. The imageusedwasoneof a number
describedin [15, 36]. The simulateddataareshown in Fig. 1.2, upperright. Four
deconvolution methodswere tested: Richardson-Lucy, Pixon, wavelet-vaguelette,
Wavelet-Lucy. Deconvolved imagesarepresentedrespectively in Fig. 1.2 middle
left, middleright, bottomleft andright. TheRichardson-Lucy methodampli�es the
noise,which implies that the faintestobjectsdisappearin the deconvolved image.
The Pixon methodintroducesregularization,andthe noiseis undercontrol, while
objectswhere“pixons” have beendetectedare relatively well-protectedfrom the
regularizationeffect. Sincethe “pixon” featuresaredetectedfrom noisy partially
deconvolved data, the faintestobjectsare not in the pixon map and are strongly
regularized.Thewavelet-vaguelettemethodis very fastandproducesrelatively high



DeconvolutionandBlind Deconvolutionin Astronomy 17

quality resultswhencomparedto Pixonor Richardson-Lucy, but theWavelet-Lucy
methodseemsclearlythebestof thefour methods.Therearefewerspuriousobjects
thanin thewavelet-vaguelettemethod,it is stablefor any kind of PSF, andany kind
of noisemodelingcanbeconsidered.

1.7.3 Multir esolutionCLEAN

TheCLEAN solutionisonlyavailableif theimagedoesnotcontainlarge-scalestruc-
tures.[96] introducedtheconceptof MultiresolutionClean(MRC) in orderto alle-
viatethedif�culties occurringin CLEAN for extendedsources.TheMRC approach
consistsof building two intermediateimages,the �rst one(calledthesmoothmap)
by smoothingthedatato alowerresolutionwith aGaussianfunction,andthesecond
one(calledthedifferencemap)by subtractingthesmoothedimagefrom theoriginal
data.Both theseimagesarethenprocessedseparately. By usinga standardCLEAN
algorithmon them,thesmoothedcleanmapanddifferencecleanmapareobtained.
Therecombinationof thesetwo mapsgivesthecleanmapat thefull resolution.This
algorithmmay beviewed asan arti�cial recipe,but it hasbeenshown [82, 81, 88]
thatit is linkedto multiresolutionanalysis.Waveletanalysisleadsto ageneralization
of MRC from asetof scales.TheWaveletCleanMethod(WCLEAN) consistsof the
following steps:

� Apply thewavelettransformto theimage:we getWI .

� Apply thewavelettransformto thePSF:we getWP.

� Apply thewavelettransformto theCleanBeam:wegetWC .

� For eachscalej of thewavelet transform,applytheCLEAN algorithmusing
thewaveletscalej of bothWI andWP.

� Apply aniterative reconstructionalgorithmusingWC.

More detailscanbefoundin [82, 88].

1.7.4 The WaveletConstraint

Wehaveseenpreviouslythatmany regularizeddeconvolutionmethods(MEM, Tikhonov,
totalvariation,etc.)canbeexpressedby two terms(i.e.k I � P� O k2 + l C(O)), the
�rst representingthe �delity to thedataandthesecond(i.e. C(O)) thesmoothness
constrainton thesolution.Theparameterl �x esthetrade-off betweenthe�t to the
dataand the smoothness.Using a wavelet basedpenalizingterm Cw, we want to
minimize

J(O) = k I � P� O k2 + l Cw(O) (1.49)

If f is a potentialfunctionwhich wasappliedon thegradients(seesection1.5.7),it
canalsobe appliedto the wavelet coef�cients andtheconstrainton thesolutionis



18 Blind imagedeconvolution: theoryandapplications

now expressedin thewaveletdomainby [48]:

J(O) = k I � P� O k2 + l å
j ;k;l

f (k (WO) j ;k;l kp) (1.50)

Whenf (x) = x andp = 1, it correspondsto thel1 normof thewaveletcoef�cients.
In this framework, themultiscaleentropy deconvolutionmethod(seebelow) is only
onespecialcaseof thewaveletconstraintdeconvolutionmethod.

1.7.4.1 Multiscale Entr opy

In [89, 86, 90], thebenchmarkpropertiesfor agood“physical” de�nition of entropy
werediscussed.The multiscaleentropy, which ful�ls theseproperties,consistsof
consideringthattheentropy of asignalis thesumof theinformationateachscaleof
its wavelet transform[89], andthe informationof a waveletcoef�cient is relatedto
theprobabilityof it beingdueto noise.

For Gaussiannoise,themultiscaleentropy penalizationfunctionis:

hn(w j ;k) =
1

s 2
j

Z jw j ;kj

0
u erfc

 
j wj ;k j � u

p
2s j

!

du (1.51)

whereerfc is the complementaryerror function. A completedescriptionof this
methodis given in [87]. Fig. 1.3 shows the multiscaleentropy penalizationfunc-
tion. Thedashedline correspondsto a l1 penalization(i.e. f (w) = j w j), thedotted
line to a l2 penalizationf (w) = w2

2 , and the continuousline to the multiscaleen-
tropy function.Wecanimmediatelyseethatthemultiscaleentropy functionpresents
quadraticbehavior for smallvalues,andis closerto the l1 penalizationfunctionfor
largevalues.Penalizationfunctionswith a l2-l1 behavior aregenerallyagoodchoice
for imagerestoration.

TheBetaPictorisimage[70] wasobtainedby integrating5 hourson-sourceusing
a mid-infraredcamera,TIMMI, placedon the3.6 ESOtelescope(La Silla, Chile).
The raw imagehasa peaksignal-to-noiseratio of 80. It is stronglyblurredby a
combinationof seeing,diffraction(0.7arcsecon a 3m classtelescope)andadditive
Gaussiannoise. The initial disk shapein theoriginal imagehasbeenlost after the
convolutionwith thePSF(seeFig. 1.3). Thuswe needto deconvolvesuchanimage
to get the bestinformationon this objecti.e. the exact pro�le andthicknessof the
disk,andsubsequentlyto comparetheresultsto modelsof thermaldustemission.

After �ltering (seeFig. 1.3, lower left), the disk appearsclearly. For detection
of faint structures(the disk here),onecancalculatethat the applicationof sucha
�ltering methodto this imageprovidesagainof observingtimeof a factorof around
60. Thedeconvolvedimage(Fig. 1.3, lower right) shows that thedisk is relatively
�at at 10 mm andasymmetrical.

1.7.4.2 TV and UndecimatedHaar Transform

A link betweentheTV andtheundecimatedHaarwaveletsoft thresholdinghasbeen
studiedin [22, 92], arguing that in the1D casetheTV andtheundecimatedsingle
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resolutionHaarareequivalent. Whengoing to 2D, this relationdoesnot hold any-
more,but the two approachessharesomesimilarities. Whereasthe TV introduces
translation-androtation-invariance,theundecimated2D Haarpresentstranslation-
andscale-invariance(beingmulti-scale).

1.7.4.3 Minimization algorithm

Recentworks [34, 28, 23] show that thesolutionof eqn.1.50canbe obtainedin a
very ef�cient way, by applyinga wavelet denoisingon thesolutionat eachstepof
theLandweberiteration.

O(n+ 1) = WDenl

�
O(n) + P� �

�
I � P� O(n)

��
(1.52)

where WDen is the operatorwhich performswavelet denoising,i.e. appliesthe
wavelet transform,correctsthewavelet coef�cients from thenoise,andappliesthe
inversewavelettransform.

If f (x) = x and p = 1 (i.e. l1 norm), the solution is obtainedby the following
iteration:

O(n+ 1) = softl (O(n) + P� � (I � P� O(n))) (1.53)

wheresoft is the soft thresholding. (A hardthresholdretainswavelet coef�cients
whoseabsolutevalueis above thethreshold,whereasa soft thresholdattenuatesthe
wavelet coef�cient, usingthe absolutevalueminusthe thresholdso long asthis is
> 0.) If the Haarwavelet transformis chosen,this algorithmis a fastmethodfor
minimizing thetotal variation.

Thepenaltyfunctionneedsto becontinuousin orderto guaranteetheconvergence.
Therefore,ahardthresholdcannotbeusedbut asoft thresholdaswell asmany other
shrinkagetechniquescanbeused.If thepenaltyfunctionis strictly convex (asin soft
thresholding),thenit convergesto aglobalminimum[34].

1.7.4.4 Constraints in the object or imagedomains

Let us de�ne the objectdomainO asthespaceto which thesolutionbelongs,and
the image domainI as the spaceto which the databelongs(i.e. if X 2 O then
P� X 2 I ). In section1.7.2, it was shown that the multiresolutionsupportcon-
straint leadsto a powerful regularizationmethod. In this case,the constraintwas
appliedin theimagedomain.Here,we have consideredconstraintson thesolution.
Hence,two differentwavelet basedstrategiescanbe chosenin order to regularize
thedeconvolutionproblem.

The constraintin the imagedomainthroughthe multiresolutionsupportleadsa
very robustway to control thenoise. Indeed,whatever thenatureof the noise,we
canalwaysderive robustdetectionlevels in thewaveletspaceanddeterminescales
andpositionsof the importantcoef�cients. A drawbackof the imageconstraintsis
that thereis no guaranteethatthesolutionis freeof artifactssuchasringing around
point sources.A seconddrawbackis that imageconstraintscanbeusedonly if the
point spreadfunctionis relatively compact,i.e. doesnot smeartheinformationover
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thewholeimage.If it doesdoso,theconceptof localizationof informationdoesnot
makesenseany more.

The propertyof introducinga robust noisemodelingis lost whenapplying the
constraintin theobjectdomain.For example,in thecaseof Poissonnoise,thereis
noway (exceptusingtimeconsumingMonteCarlotechniques)to estimatethelevel
of thenoisein thesolutionandto adjustproperlythethresholds.Thesecondprob-
lem with this approachis thatwe try to solve two problems(noiseampli�cation and
artifactcontrolin thesolution)with oneparameter(i.e. l ). Thechoiceof thisparam-
eteris crucial,while sucha parameterdoesnotexist whenusingthemultiresolution
support.

Constraintscanbeaddedin boththeobjectandimagedomainsin orderto better
control the noiseby using the multiresolutionsupport. This givesus a guarantee
thatthesolutionis freeof artifactswhenusingthewaveletconstrainton thesolution
[70, 90, 91]. This leadsto thefollowing equationto beminimized:

J(O) = k M:W1 (I � P� O) k2 + l å
j ;k;l

f (k (W2O) j ;k;l kp) (1.54)

whereM is themultiresolutionsupportderivedfrom I andW1. W1 andW2 arethe
wavelet transformsusedin the object and imagedomains. We may want to use
two differentwavelet decompositions:W1 for detectingthe signi�cant coef�cients
andW2 for removing the artifactsin the solution. Sincethe noiseis controlledby
the multiscaletransforms,the regularizationparameterl doesnot have the same
importanceasin standarddeconvolutionmethods.A muchlowervalueis enoughto
remove theartifactsrelative to theuseof thewavelets.Thepositivity constraintcan
beappliedateachiteration.Theiterativeschemeis now:

O(n+ 1) = WDenl (
�

O(n) + P� � ÅRn
�

(1.55)

where ÅRn is thesigni�cant residual,i.e. ÅRn = W � 1
1 M[W1(I � P� O(n))] (seeeqn.1.42)).

1.7.4.5 The CombinedDeconvolution Method

Onemay want to bene�t from the advantagesof both the wavelet andthe curvelet
transformsfor detectingthesigni�cant featurescontainedin thedata. More gener-
ally, we assumewe useK transformsT1; : : : ;TK , andwe derive K multiresolution
supportsM1; : : : ;MK from theinput imageI usingnoisemodeling.Following deter-
minationof a setof multiresolutionsupports,we cansolve the following optimiza-
tion problem[91]:

min
Õ

C(Õ); subjectto MkTk[P� Õ] = MkTkI for all k; (1.56)

whereC is thesmoothnessconstraint.
The constraintimposes�delity on the data,or more exactly, on the signi�cant

coef�cients of the data,obtainedby the different transforms.Non-signi�cant (i.e.
noisy)coef�cients arenot takeninto account,preventingany noiseampli�cation in
the�nal algorithm.
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A solutionfor thisproblemcouldbeobtainedby relaxingtheconstraintto become
anapproximateone:

min
Õ

å
k

kMkTkI � MkTk[P� Õ]k2 + l C(Õ) (1.57)

Thesolutionis computedby usingtheprojectedLandwebermethod[6]:

Õn+ 1 = Õn + a
�

P� � ÅRn � l
¶C
¶O

(Õn)
�

(1.58)

where ÅRn is thesigni�cant residualwhich is obtainedusingthefollowing algorithm:

� SetIn
0 = In = P� Õn.

� For k = 1; : : : ;K do In
k = In

k� 1 + R k
�
Mk(T kI � T kIn

k� 1)
�

� Thesigni�cant residual ÅRn is obtainedby: ÅRn = In
K � In.

This canbeinterpretedasa generalizationof themultiresolutionsupportconstraint
to thecasewhereseveraltransformsareused.Theorderin which thetransformsare
appliedhasno effect on thesolution. We extract in the residualthe informationat
scalesandpixel indiceswheresigni�cant coef�cients havebeendetected.

a is aconvergenceparameter, choseneitherby a line-searchminimizingtheover-
all penaltyfunctionor asa �x edstep-sizeof moderatevaluethatguaranteesconver-
gence.

If theC is awaveletbasedpenalizationfunction,thentheminimizationcanagain
bedoneusingthepreviouswaveletdenoisingapproach:

Õn+ 1 = WDen
�
Õn + (P� � ÅRn)

�
(1.59)

Thepositivity is introducedin thefollowing way:

On+ 1 = P c
�
WDen

�
Õn + (P� � ÅRn)

� �
(1.60)

1.8 Deconvolution and Resolution

In many cases,thereis no sensein trying to deconvolve an imageat the resolution
of thepixel (especiallywhenthePSFis very large). Theideato limit theresolution
is relatively old, becauseit is alreadythis conceptwhich is usedin the CLEAN
algorithm[45]. Indeedthecleanbeam�x estheresolutionin the�nal solution.This
principlewasalsodevelopedby Lannes[54] in a differentform. This conceptwas
re-invented,�rst by Gull andSkilling [42] who calledthecleanbeamthe Intrinsic
CorrelationFunction(ICF), andmorerecentlyby Magain[57] andPijpers[72].
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TheICF is usuallya Gaussian,but in somecasesit maybeusefulto take another
function. For example,if we want to comparetwo imagesI1 andI2 which areob-
tainedwith two wavelengthsor with two differentinstruments,their PSFsP1 andP2
will certainlybedifferent. Theclassicapproachwould be to deconvolve I1 with P2
andI2 with P1, sowearesurethatbothareat thesameresolution.But unfortunately
we losesomeresolutionin doing this. Deconvolving both imagesis generallynot
possiblebecausewe cannever besurethatbothsolutionsO1 andO2 will have the
sameresolution.

A solutionwouldbeto deconvolveonly theimagewhichhastheworseresolution
(sayI1), andto limit the deconvolution to the secondimageresolution(I2). Then,
we just have to take P2 for theICF. Thedeconvolutionproblemis to �nd Õ (hidden
solution)suchthat:

I1 = P1 � P2 � Õ (1.61)

andour real solutionO1 at the sameresolutionas I2 is obtainedby convolving Õ
with P2. O1 andI2 canthenbecompared.

IntroducinganICF G in thedeconvolutionequationleadsto justconsideringanew
PSFP0which is theconvolutionof P andG. Thedeconvolution is carriedout using
P0, andthesolutionmustbereconvolvedwith G at theend.In this way, thesolution
hasaconstrainedresolution,but aliasingmayoccurduringtheiterativeprocess,and
it is notsurethattheartifactswill disappearafterthere-convolutionwith G. Magain
[57] proposedaninnovativealternativeto thisproblem,by assumingthatthePSFcan
beconsideredastheconvolution productof two terms,the ICF G andanunknown
S, P = G� S. Using S insteadof P in thedeconvolution process,anda suf�ciently
largeFWHM valuefor G, impliesthat theShannonsamplingtheorem[79] is never
violated.But theproblemis now to calculateS, knowing P andG, which is againa
deconvolution problem. Unfortunately, this delicatepoint wasnot discussedin the
original paper. Propagationof theerroron theSestimationin the �nal solutionhas
alsountil now notbeeninvestigated,evenif this issueseemsto bequiteimportant.

1.9 Myopic and Blind Deconvolution

In the�eld of astronomythePSFis, in many cases,variablewith time or within the
observed �eld. For instance,whenobservingin the visible or near-infraredrange
from the ground,the atmosphericturbulenceproducesimageswith seeing-limited
spatialresolution,that are much lower than the theoreticaldiffraction limit. This
resolutionrangestypically for the visible radiationsbetween0.4 and 1 arcsecin
thebestsitesfor astronomicalobservations.Becauseof thestochasticnatureof the
seeing(dueto randomchangesof theoptical index of thedifferentlayersof theat-
mosphere),several timescalesareinvolved. First, thePSFis highly unstableover a
timescaleof several tensof millisecondsin thevisible, but its time averagedvalue
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overtypically afew secondscanremainstableoveramuchlongertime(severalmin-
utes). Dependingon thesite, theaverageseeingcanvary signi�cantly with typical
timescalesof afew tensof minutes.Longexposures,seeingaveraged,wouldusually
provideanestimateof thePSFfor longexposuresonscienti�c targets.

For a given observation,onecande�ne a parameter, calledthe Fried parameter,
r0. Its valuede�nes the equivalentdiameterof a telescopethat would producea
diffraction-limitedimagewith the sameresolutionasthe seeinglimited one. This
parametervariesasa functionof thewavelengthsuchthat r0 µ (l )5=6cm; a typical
valueof thisparameteris 20cmat0.5mm. Theimageresolutionis thenof theorder
of r0=l in thecaseof seeing-limiteddata,insteadof a valuearoundD=l (D being
the telescopediameter)for diffraction limited observations. If visible/near-infrared
dataarealwaysseeing-limited,onecannotethat mid-infrareddataaround10 mm
aremainly diffraction limited on a 4m-classtelescope.However, for one8m-class
telescopesuchastheVeryLargeTelescopein Chile andgiventheseeingconditions
at thissite,oneis justat thetransitionregimebetweenpurelydiffraction-limitedand
seeinglimited. Hencemid-infrareddataon8m-classtelescopesrequirenow theuse
of myopicdeconvolutionmethods.

Theprincipleof adaptive optics(AO) observationswasdevelopedin orderto try
to get rid of theseeinglimitation andrecover diffraction limited images.However,
this is trueto acertainextent.First,only asmall�eld of view (typically, a few arcsec
in thevisible range),aroundtheAO reference(a suf�ciently bright object;typically
a bright starwith magnitudeV lower than), currentlybene�ts from thebestimage
correctionwhich degradesasexp(� Dq)5=3 (Dq is the distanceto the center-�eld).
This �eld extent is de�ned by the isoplanaticangle,in which thewavefrontdistor-
sionis correctedaccurately. In orderto reachlarger�elds of view, multi-conjugated
adaptiveoptics(MCAO) systemsareunderdevelopmentin parallelwith laserguide
starswhichwill allow oneto syntheticallyproduceAO referencesatany placein the
sky. TheStrehlratio,which is de�ned astheratioof thecentralintensityof thecur-
rently observedimageto thecentralintensityof a perfectdiffractionlimited image,
canachievetypicalvaluesaround30–50%for K bandobservations,2.2mm). As one
observesanobjectfar from theAO reference,this correctionassessmentparameter
degrades,reachinga valuebeinghalf its valueat thecenter-�eld (thelocationof the
AO reference),at a distanceof 40 arcsecfrom it. SinceAO performancesareinti-
matelylinked to theseeing(or r0) value,theAO correctionwill alsostronglyvary
with time. In summary, AO observationsdealwith quitesigni�cantly varyingPSFs:
varying in time becauseof seeingtime variations,andvarying in spacebecauseof
the isoplanaticpatch. As a consequence,AO astronomicalobservationsdo require
alsomyopicdeconvolution methods.Much effort in astronomicalblind deconvolu-
tion havebeenthusnaturallydevotedto this typeof data.

Astronomicalshortexposures,or speckleimages,haveusuallyunknown PSFbe-
causeof strongandrandomchangesof the imagephase.Although it is essentially
thephaseof theobjectwhichis affected,while its amplitudeis barelymodi�ed, some
speci�c methodsof blind deconvolutionin whichthePSFis assumedunknown,have
to beused.Thechallengethatfacesany methodis thatit shouldbeableto incorpo-
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rateasmuchaspossibleby wayof constraintsandapriori knowledgeonthesolution
in orderto avoid beingtrappedin trivial solutionssuchasf O,Pg=f I ,dg whered is
theDirac function.

1.9.1 Myopic Deconvolution

Myopic deconvolution assumesthat an estimateof the PSF, which is not too “f ar”
from the true one, is known. A measureof this PSFis usuallyperformedby ob-
servingan object supposedto be point-like, in the sameobservationalconditions
(sametelescope/instrumentcon�guration,andweatherconditionsascloseaspossi-
ble). This is achievedby observingfrequently, beforeandafterany scienti�c target,
someunresolvedstar, atanairmasscloseto thatof thesciencetarget,andif possible,
not too far in thesky from it. Astronomicaldatausuallydealthenwith multi-frame
data:multiple recordsof theblurredobject,multiple recordsof estimatesof thePSF
Pi . Within this framework somenew methodshave emergedin the lastdecadeand
arepresentedin thefollowing.

IDAC is a myopic,Bayesiandeconvolution methodderived from a blind decon-
volutionmethod([19], seesection1.9.2below for thedetails),andappliedmainly to
adaptive opticsdata. It is a multi-framedeconvolution methodin which loosecon-
straintsareputon thesolution.

TheMISTRAL methodwasdevelopedby [65] in orderto deconvolveAO partially
correcteddata.An estimateof thePSFPest canbederivedfrom observationsof an
unresolvedstarshortlybeforeand/orafterobservingtheobjectof interest.Usingthe
usualBayesianframework, andtheMAP approach,oneendsup with thefollowing
functionalto minimize,to �nd O andP simultaneously:

J(O;P) = Jres+ JP(P) + JO(O) (1.62)

whereJres is the“�delity to thedata”termsuchthat:

Jres(O;P) =
1

2s 2 k (I � P� O) k2 in thecaseof Gaussiannoise (1.63)

and

Jres(O;P) = å
pixels

(P� O� I ln[P� O]) in thecaseof Poissonnoise(1.64)

JP(P) is the penaltyterm expressingthat solutionP shouldnot be “too different”
from theestimateof thePSFPest :

Jp(P) = å
u;v

jP̂(u;v) � P̂est(u;v)j2

Sp(u;v)
(1.65)
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whereSp(u;v) = E[jP̂(u;v) � P̂est (u;v)j] is thespatialpower spectraldensity. Pest is
computedasE[Pi ], Pi beingthedifferentestimatesof thePSF.

In addition,a reparametrization(O = y 2) ensuresthepositivity of thesolution.
Somevery nice resultsobtainedwith this methodappliedto imagesof thesatellite
of Jupiter, Io, areshown in Fig. 1.4allowing usto studyIo volcanismwith ground-
basedAO data.

The deconvolution from wave-front sensingwasoriginally proposedby [35] in
1985. The ideabehindit is that in AO observationswave-front dataare simulta-
neouslyrecordedin the wave-front sensor(WFS); thesedatacontaininformation
aboutthePSFbut in anunusualform (oftenprojectedontoa baseof Zernike poly-
nomials).Sincewe dealwith shortexposureimages(lessthan10 mstypically), the
atmosphericturbulenceis assumedto be frozen,so that the PSFat a time t canbe
fully characterizedby theturbulentphasef (t) in thepupil plane:

PSF(t) = F � 1(Pej f (t)) (1.66)

whereP is thepupil function.
Theusualtechniquesconsistof �rstly estimatingthewave-frontsfrom theWFS,

andthenobtainingthedeconvolvedimageby maximuma posteriori(MAP) estima-
tion [5]. Sincewave-front estimatesare inevitably noisy, Mugnier et al. [66] pro-
poseda robust joint estimatorwithin a Bayesianframework to reconstructthe true
wave-frontdataandtherestoredobjectsimultaneously. This estimatorusesall sta-
tistical informationthat onehaseitheron the noise,or on the stochasticprocesses
that control the turbulent phase(Kolmogorov statistics). A functional containing
constraintson f (t) (complyingwith Kolmogorov statistics)andon the objectO is
minimized. This methodis moreef�cient thanspeckleinterferometrybecauseit is
not limited by specklenoiseathighphoton�ux andthesignal-to-noiseratio is better
for extendedobjects.Fig.1.5showshow spectaculartheresultcanbeonexperimen-
tal dataof thebinarystarCapella.

1.9.2 Blind Deconvolution

In 1994, [95] proposeda simplemethodfor blind deconvolution basedon Lucy's
algorithm. The idea is to alternatively perform a Lucy iteration on the object O
andthenon thePSFP. However, althoughattractive becauseof its simplicity, this
process(i) canbehighly unstable,and(ii) putsno constrainton thePSFmakingit
dif�cult to preventit tendingtowardsthetrivial solutionf I ,dg.

JefferiesandChristou[50] haveproposedaniterativeblind deconvolutionmethod
of multi-framedatabasedon theminimizationof a penaltyfunctionalputtingphys-
ical and“reasonable”looseconstraintson the solution(O,Pi). Assumingthat one
dealswith i = 1; : : : frames,this methodminimizesthefunctional:

J(O;P) = Eim + Econv + Ebl + EFm (1.67)
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where:

1. Eim = å n2gO
O(n)2 + å m2gP

P(m)2 is theimagedomainerrorwhich penalizes
negativevalues(gO andgP sets)in thesolutionO or in thePSFP.

2. Econv = å i å u;v j Î (u;v) � P̂(u;v)Ô(u;v)j2M(u;v) is calledtheconvolutionerror
andexpressesthe�delity of thereconvolvedimageto thedatain Fourierspace,
M beinga maskexcluding spatialfrequencieshigher than the physicalcut-
off frequency (by diffraction (D/l ) or seeing(r0/l ) of the instrumentalset.
Dependingon theconventionson theFouriertransform,onehasto normalize
this termby thenumberof pixelsin theimage.

3. Ebl is theband-limiterrorde�nedby Ebl = å i å u;v jP̂i(u;v)j2M0
i (u;v) whereM0

is a spatialfrequenciesmaskgreaterthan1.39of the cut-off frequency. The
samenormalizationruleappliesasabove.

4. EFm is theFouriermoduluserror, suchthatEFm = å i å u;v jÔ(u;v) � Ôest(u;v)j2F (u;v)
whereOest (u;v) is a crudeestimateof theobject'sFouriermodulusgivenby:

jÔest j =

s
hjÎ j2i � hjN̂j2i

hjP̂j2i
(1.68)

ThiebautandConan[93] comparedtheapplicationof loose(similar to someex-
tent to [50]) andof strict a priori constraintson thesolutionwhenmaximizingthe
likehood.They foundthatmuchbettersolutionscanbeachievedwhenapplyingthe
secondoption. Strict a priori constraintsareappliedin this caseby a reparametriza-
tion ensuringthesoughtphysicalpropertiesof thesolutione.g.:

1. Positivity of theobjectO makingthechangeof variable:

O = y 2
O (1.69)

2. Positivity andnormalizationof thePSFP by setting:

P =
y 2

h

å pixelsy 2
h

(1.70)

Thegradientsof thefunctionalarethenrecomputed,anddependnow on thenew
unknowns y P (representingP) and y O (representingO). This methodhasbeen
shown to give very goodresultsin the caseof speckledataon the Capellabinary
system[93].

In summary, severalmethodsarecurrentlyavailableto carryout myopicor blind
deconvolution. For bestresultswe recommendthe Bayesianformalismbecauseit
offersanicewayto incorporateany typeof constraintonthesolution.Thesemethods
offer muchbetterresultsthanany otheralgebraicmethod,but atsomecomputational
cost(the minimizationof the functionalrequiresintensive computingandef�cient
minimizationschemes).
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1.10 Conclusionsand Chapter Summary

As in many �elds, simple methodscan be availed of – for examplethe solution
providedby equation(1.16)– but at theexpenseof quality in thesolutionanda full
understandingof one'sdata.Oftenasimplesolutioncanbefully justi�ed. However,
if our dataor our problemsareimportantenough,thenappropriateproblemsolving
approacheshave to be adopted.The panoplyof methodspresentedin this review
provideoptionsfor high quality imageandsignalrestoration.

We havenotedhow thewavelettransformoffersa powerful mathematicalandal-
gorithmic framework for multiple resolutionanalysis.Furthermorenoisemodeling
is very advantageouslycarriedout in wavelet space.Finally, andof crucial impor-
tancein thischapter, noiseis themainproblemin deconvolution.

Progresshasbeensigni�cant in a wide rangeof areasrelatedto deconvolution.
One thinks of Bayesianmethods,the useof entropy, andissuesrelatingto super-
resolution,for example.

Wewill concludewith ashortlook athow multiscalemethodsusedin deconvolu-
tion areevolving andmaturing.

We have seenthat the recentimprovementin deconvolution methodshasled to
useof a multiscaleapproach.Finally, wavelet basedconstraintscan be addedin
both domains[90]. This allows us to separatethedeconvolution probleminto two
separateproblems:noisecontrolfrom oneside,andsolutionsmoothnesscontrolon
theotherside. Theadvantageis thatnoisecontrol is bettercarriedout in the image
domain,while smoothnesscontrolcanonly becarriedout in theobjectdomain.

The reasonfor the successof waveletsis dueto the fact that wavelet basesrep-
resentwell a largeclassof signals,especiallyastronomicaldatawheremostof the
objectsaremoreor lessisotropic.Whenthedatacontainsanisotropicfeatures(solar,
planetaryimages,etc.),othermultiscalemethods,suchastheridgeletor thecurvelet
transform[14, 13, 32, 84], aregoodcandidatesfor replacingthewavelettransform.
Theultimatestepis thecombinationof thedifferentmultiscaledecompositions.

Very nice resultshave beenobtainedbasedon myopic or blind deconvolution.
However, thereis currentlynoalgorithmbasedonmultiscalemethodsin the�eld of
myopicor blinddeconvolutionfor theregularization.New methodstakingadvantage
of thesetools,aswasalreadydonefor standardimagedeconvolution,shouldappear
soon.
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FIGURE 1.2
Simulated Hubble Space TelescopeWide Field Camera image of a distant
cluster of galaxies. Six quadrants. Upper left: original, unaberrated and
noise-free. Upper right: input, aberrated, noiseadded. Middle left: restora-
tion, Richardson-Lucy. Middle right: restoration, Pixon method. Lower left,
restorationwavelet-vaguelette.Lower right, restorationwavelet-Lucy.
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FIGURE 1.3
Upper left: penalization functions: dashed,l1 norm (i.e. f (w) = j w j); dotted l2
norm f (w) = w2

2 ; continuous, multiscale entropy function. Upper right: Beta
Pictoris raw data. Lower left: �lter ed imageusing. Lower right: deconvolved
one.
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FIGURE 1.4
Jupiter-facingof Io observedwith theKeckAO systemin J,H, andK bands.The
secondrow shows the former imagesdeconvolvedwith the MISTRAL method,
and are compared to Galileo probe imagesin which a precursor to a volcanic
burst is detected.The last row shows deconvolved images2 dayslater in which
a major outburst, seenalso on Galileo imagesbut fainter (Galileo observesin
the visible rangeand is lesssensitive to “thermal” events),is alsodetectedfr om
Earth.
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FIGURE 1.5
Experimental short exposure of the binary systemCapella taken at the 4.2m
William Herscheltelescope,La Palma, Canarias islands(upper left) and corre-
sponding long-exposure, 10 times longer, showing the lossof resolutiondue to
atmospheric turb ulenceblurring (upper right). Restored image using a MAP
estimateof the wave-front followed by a quadratic restoration with positivity
constraint (lower left). Image restored by the myopic deconvolution method
developedby Mugnier et al. [66] (lower right).


