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Inverse Problems in Astrophysics

•Part 1: Introduction inverse problems and image deconvolution  

•Part 2: Introduction to Sparsity and Compressed Sensing

•Part 3: Wavelets in Astronomy: from orthogonal wavelets and to the Starlet transform.

•Part 4: Beyond Wavelets

•Part 5: Inverse problems and their solution using sparsity: denoising, deconvolution, inpainting, blind 
source separation.

•Part 6: CMB &  Sparsity  

•Part 7: Perspective of Sparsity & Compressed Sensing in Astrophsyics



● Computational harmonic analysis seeks representations of a signal as linear 
combinations of basis, frame, dictionary, element :

● Fast calculation of the coefficients αk 

● Analyze the signal through the statistical properties of the coefficients

basis, framecoefficients
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Data Representation Tour
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What is a good sparse representation for data?
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A signal s (n samples) can be represented as sum of weighted elements of a given dictionary  

Ex: Haar wavelet

Sorted index k’

Many small coefficients

Few large
 coefficients

Atoms
coefficients

Dictionary 
(basis, frame)

• Fast calculation of the coefficients 

• Analyze the signal through the statistical properties of the coefficients

• Approximation theory  uses  the sparsity of the coefficients



Time domain

Frequency domain

Any Periodic function can be expressed as linear 
combination of basic trigonometric functions

(Basis functions used are sine and cosine)

 The Great Father Fourier - Fourier 
Transforms



Alfred Haar Wavelet (1909):
The first mention of wavelets appeared in an appendix to the thesis of Haar

- With compact support, vanishes outside of a finite interval 
-Not continuously differentiable 
-Wavelets are functions defined over a finite interval and having 
an average value  of zero.

Haar wavelet



==> What kind of          could be useful?
   . Impulse Function (Haar): Best time resolution
   . Sinusoids (Fourier): Best frequency resolution

==> We want both of the best resolutions

==> Heisenberg, 1930
Uncertainty Principle
There is a lower bound for

 



SFORT TIME FOURIER TRANSFORM (STFT)

Dennis Gabor (1946) Used STF
To analyze only a small section of the signal at a time -- 
a technique called Windowing the Signal.
The Segment of Signal is Assumed Stationary 
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Heisenberg Box
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Candidate analyzing functions for piecewise smooth 
signals

● Windowed fourier transform or Gaborlets :

● Wavelets :







Some typical mother wavelets



Typical picture





                   Daubechies, 1988 and Mallat, 1989

Daubechies:
     Compactly Supported Orthogonal and Bi-Orthogonal Wavelets

Mallat:
      Theory of Multiresolution Signal Decomposition
        Fast Algorithm for the Computation of Wavelet Transform Coefficients 
using Filter Banks

A Major Breakthrough

Yves Meyer





















The Orthogonal Wavelet Transform (OWT)
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Reconstruction: 

Transformation
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sl = cJ ,k
k
∑ φJ ,l (k) + ψ j,l

j=1
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c j,l = ˜ h k +2l
k
∑ c j +1,k + ˜ g k +2lw j +1,k = ˜ h ∗ ( c j +1 + ˜ g ∗ ( w j +1

( x = (x1,0, x2,0,x3,K,0,x j ,0,K,xn−1,0, xn )
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c j +1,l = hk−2l
h
∑ c j ,k = (h ∗c j )2l

w j +1,l = gk−2l
h
∑ c j,k = (g ∗c j )2l
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Undecimated
  Wavelet 
Transform



   Partially
Undecimated
  Wavelet 
Transform





    Redundancy 1 4 7 10 13
PSNR(dB) 28.90 30.58 31.51 31.83 31.89

Square Error 83.54 52.28 45.83 42.51 41.99

OWT UWT

Hard Threshold: 3sigma



ISOTROPIC UNDECIMATED WT: The Starlet Transform 

"Isotropic transform well adapted to astronomical images.
"Diadic Scales. 
"Invariance per translation.

Wavelet function decomposition:

A trous wavelet 
transform:
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Scaling function and dilation equation:
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ISOTROPIC UNDECIMATED WAVELET TRANSFORM
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I(k, l) = cJ ,k,l + w j,k,lj=1

J
∑

The STARLET Transform 
Isotropic Undecimated Wavelet Transform (a trous algorithm)
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h = [1,4,6,4,1]/16,   g =δ - h,    ˜ h = ˜ g =δ






